JORDAN TYPES FOR INDECOMPOSABLE MODULES OF FINITE GROUP 
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ROLF FARNSTEINER 

Abstract. In this article we study the interplay between algebro-geometric notions related to 
TT-points and structural features of the stable Auslander-Reiten quiver of a finite group scheme. 
We show that 7r-points give rise to a number of new invariants of the AR-quiver on one hand, 
and exploit combinatorial properties of AR-components to obtain information on vr-points on the 
other. Special attention is given to components containing Carlson modules, constantly supported 
modules, and endo-trivial modules. 



0. Introduction 

Let 9 be a finite group sciieme over an algebraically closed field k of characteristic p > 0. In their 
recent articles [35l[36], the authors have expounded the theories of p-points and 7r-points, which 
generalize and unify various concepts of rank varieties defined earlier. One new feature arising via 
this vantage point is the notion of Jordan type [37] , providing new invariants for S-niodules that are 
finer than those given by rank varieties and support varieties. The ramifications of the additional 
information encoded in Jordan types are only beginning to be understood, even for the class of 
modules of constant Jordan type, [9]. 

Our investigations focus on two aspects that underscore the utility of this approach. Sections 
[T] through [4] are concerned with the behavior of Jordan types on the components of the stable 
Auslander-Reiten quiver rs(S) of the algebra of measures A: 9 of 9- The results of the first three 
sections can be generalized to perfect fields, while those of Section [4] rest on k being algebraically 
closed. The last four sections employ vr-points to define and study certain classes of modules and 
to determine their position within the AR-quiver. 

Support varieties have played an important role in the investigation of the quiver rs(9). It 
therefore seems expedient to explore the interplay between Jordan types and the Auslander-Reiten 
theory of the group scheme 9- Indeed, Jordan types turn out to provide new invariants for AR- 
components, enabling us to discern differences between components that cannot be detected via 
their support varieties. On the other hand, the Jordan types of all modules belonging to an 
Auslander-Reiten component may often be computed from the corresponding information of one 
single vertex. 

In dealing with the AR-quiver, our main tools are subadditive functions on stable representation 
quivers, whose relevant properties are provided in Section [TJ As we show in Section [2l vr-points of 9 
define various additive functions on the so-called locally split components of the stable Auslander- 
Reiten quiver. By definition, the pull-backs of the almost split sequences of such components along 
any vr-point are split exact. With the exception of some infinite tubes, all infinite AR-components 
are locally split, so that our methods usually apply whenever the representation-theoretic support 
of the ambient block of k3 has dimension at least 2. For these components we establish new 
invariants, all of which arise via vr-points. In particular, we discuss the number of Jordan types 
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of a module, the dominance order on vr-points associated to an AR-component, and varieties of 
non- maximal supports. 

For infinite tubes that are not locally split, the relevant functions are eventually additive, with 
their departure from additivity being controlled by the Cartan matrix Ap-i and the structure of 
certain induced modules modules that are defined by vr-points corresponding to closed points of 
the support scheme n(S). As we show in Section SI the structure of these components as well 
as the associated functions are completely understood in the cases where the group scheme S is 
trigonalizable, or S is reduced and the relevant component contains a module with a cyclic vertex. 

Applications concerning three closely related classes of S-modules, constantly supported modules, 
Carlson modules and endo-trivial modules, are the subject of the following three sections. In terms 
of the hierarchy given by their sets of Jordan types, constantly supported modules naturally follow 
the modules of constant Jordan type that were investigated in \10\ [9]. In Section [5] we show that 
examples are given by direct summands of the Carlson modules L^, associated to non-nilpotent 
homogeneous elements of the even cohomology ring H*(S,A;). This motivates the study of the 
in the following section. Aside from their fundamental importance for theoretical purposes, 
Carlson modules are also of interest because their structure is closely reflected by their support 
varieties. For Carlson modules belonging to homogeneous non-nilpotent elements, we provide a 
sufficient condition for their indecomposability. In classical contexts, such as the first Frobenius 
kernels of semi-simple algebraic groups, it follows that these modules are usually quasi-simple. In 
particular, the almost split sequences originating in these have an indecomposable middle term. 
If C S H^"(S, k) \ {0} is nilpotent, then the module is indecomposable, of constant Jordan type 
and usually quasi-simple. For elements of odd degree, the set of Jordan types of may have two 
elements and we show that is indecomposable, provided S possesses sufficiently many abelian 
unipotent subgroups of complexity > 2. Quillen's dimension theorem implies that this condition is 
superfluous whenever S corresponds to a finite group. 

Endo-trivial modules were introduced by Dade [El [16], who showed that, for abelian p-groups, 
these modules are stably isomorphic to the syzygies of the trivial module. In our context, endo- 
trivial modules are examples of modules of constant Jordan type that occur in connection with 
decomposable Carlson modules of non-nilpotent type. In Section 6, we investigate AR-components 
containing endo-trivial modules and discuss Carlson's construction [8j of such modules from the 
perspective of vr-points. 

In the final section, we augment recent results of Carlson-Friedlander [9] by studying the Jordan 
types of certain finite algebraic groups of tame representation type. In particular, we determine 
the Jordan types of the indecomposable modules of the restricted enveloping algebra C/o(s[(2)) and 
classify its indecomposable endo-trivial modules. 



1. Subadditive Functions on Stable Translation Quivers 

Throughout this section, we shall be considering quivers F := (Fo,Fi) without loops or multiple 
arrows. For such a quiver F, the set of arrows is given by a subset Fi C Fq x Fq of the Cartesian 
product of the set Fq of vertices. We recall a few basic facts and definitions, the interested reader 
may consult [H [501 [Ml [10] for further details. 

Given a vertex x G Fq, we put 

x+ := {y G Fo ; G Fi} ; x~ := {y G Fq ; {y,x) G Fi}, 

so that x'^ and x~ are the sets of successors and predecessors of the vertex x, respectively. The 
quiver (Fo,Fi) is referred to as locally finite if x~^ U x~ is finite for every x G Fq. Henceforth all 
quivers are assumed to be locally finite. 
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Let r := (ro,ri) be a quiver. A valuation of F is a map v : Tq x Tq — > Nq x Nq such that 
Fi = z^~^(N X N). The triple (ro,ri,i/) is then referred to as a valued quiver. Homomorphisms of 
valued quivers are defined canonically. 

An automorphism r : T — > T is called a translation if 

a~ = T{a)~^ V a S Tq. 

We then refer to (ro,ri,r) as a stable translation quiver. 

If 1/ is a valuation of (ro,ri) and r is a translation of (ro,ri) such that 

u{T{b),a) = A{u{a, b)) V (a, 6) G Ti, 

where A(m, n) = {n,m) V {m,n) G N x N, then (rojFi,!', r) is a valued stable translation quiver. 

By work of Riedtmann [50l Struktursatz] (see also [U (4.15)]), a connected stable translation 
quiver T is of the form 

r ^ Z[Tr]/G, 

where Tp is a directed tree and G Q Aut(Z[Tr]) is an admissible group. The isomorphism class of 
r is determined by the associated undirected tree Tr, the so-called tree class of F. We refer the 
reader to [4^ (4.15.6)] for further details and just recall that a subgroup G C Aut(r) is admissible 
if |G • X n {{y} U y+)| < 1 and \G ■ x D {{y} U y")] < 1 for all elements x,y e Tq. 

The aforementioned result rests on the following construction of the orbit quiver T/G associated 
to an admissible subgroup G C Aut(r): 

. By defining (r/G)i := {{[x], [y]) G Fq/G x Fq/G ; 3 a G [x], b G [y] with (a, 6) G Fi}, we 
endow T/G with the structure of a quiver. 

• The map P : Tq/G x Tq/G — > Nq x Nq, given by P([x], [y]) = v{a, 6) if a G [x] and b G [y] 
are such that (a, &) G Fi, is a valuation, with the canonical map vr : F — > T/G being a 
morphism of valued quivers. 

• The map f : Tq/G — > Tq/G ; t([x]) = [t(x)] is a translation such that vr is a morphism 
of valued stable translation quivers. 

The presence of subadditive functions on valued stable translation quivers significantly restricts the 
possible tree classes. Let pr^^ : Nq x Nq — > Nq be the projection onto the first coordinate. 

Definition. Let (Fq, Fi, i/, r) be a valued stable translation quiver. A function / : Fq — > Nq is said 
to be subadditive if 

f{y) + /(T(y)) > ^(^) P^i^'^^^' 

The function / is referred to as additive if we have equality for every y G Fq. 
For future reference we record the following basic properties: 

Proposition 1.1. Let T := (Fo,Fi,z^, r) be a connected valued stable translation quiver. 

(1) If f : Tq — > No is a subadditive function with f ° t = f . Then either f = 0, or f{x) > 
for every x G Fq. 

(2) Let /r : Fq — > N be an additive function with fT°T = fr Oind such that every other such 
function is an integral multiple of /r- Then fr°g = fT for every g G Aut(F). 
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Proof. (1) We put X := {x € Tq ; f{x) / 0} and Y := {x ^Tq ; f{x) = 0}. It readily follows 
that X and Y are r-invariant. Let x X , y G Y . If x € , then t(x) € T{y)^ = y~ . Thus, 
the existence of an arrow between X and Y implies that there are xi ^ X and yi ^Y such that 
xi G yf . However, this yields 

= 2/(yi) > /(x)priKx,yi)), 

SO that f{xi) = 0, a contradiction. Since T is connected, it follows that X = Tq or Y = Tq. 

(2) Let A be the set of additive functions / : Tq — > N satisfying / o r = /. By assumption, we 
have A = N/r- The group Aut(r) of automorphisms of the stable valued translation quiver T acts 
on A via 

{g.f){x) := f{g-\x)) V 5 G Aut(r), / g A, x G Tq. 
Given g £ Aut(r), there exists n{g) G N with g.fr = n{g)fr. Consequently, 

fr = 9-'.{g.fr)=n{g-')nig)fr, 
implying n{g) = 1 V 5 G G. □ 



We recall that a valued graph is a pair (/, d), consisting of a set / and a map d : I x I — > No, such 
that 

(1) d{i,i) =0 V i G /, 

(2) d{i,j)^0 ^ dij,i)^0, 

(3) for each z G /, the set A{i) := {j £ I ; d{i,j) / 0} is finite. 

One can equally well consider the Cartan matrix C{i,j) := 26ij — d{i,j), cf. [39j. In the graphical 
presentation two vertices i and j are linked by a bond if d{i,j) ^ 0, and we endow this bond with 
the valuation 

Let T = (To,Ti) be a quiver. We define a stable translation quiver Z[T] by letting Z x Tq be the 
set of vertices. We have arrows 

(n, s)^(n,t) and (n, t) ^ (n + 1, s) VnGZ 

for every arrow s ^ t \n.T. The translation is given by 

r:Z[r] — >'L[T\ ; {n,t) ^ {n-l,t). 

Below is the stable representation quiver Z[^oo]) where A^o has N as set of vertices and arrows 
n n+1 for every n G N. The dotted arrows represent the translation. 



\ /\ /\ /\ /\ /\ /' 
/\ /\ /\ /\ /\ /\ 

\ /\ /\ /\ /\ /\ /' 
/\ /\ /\ /\ /\ /\ 

\ /\ /\ /\ /\ /\ /' 

/ \ ■/ \ ■/ \ ■/ \ ■/ \ 7\ 

• •••••• 
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In the sequel, we let Ap^g be the quiver, whose underlying graph is the circle with p + q vertices and 
with p consecutive clockwise oriented arrows and q consecutive counter-clockwise oriented arrows. 
Thus, ^2,0 — ^0,2 is an oriented 2-cycle. 

Lemma 1.2. Let T be a quiver that does not contain a quiver of type A2fi. Then (r) is an admissible 
subgroup of the valued stable translation quiver Tj^T]. 

Proof. We put G := (r) and note that G • {n, x) = G • (0, x) V (n, x) G Z[T]. Let (ni, zi), (n2, -Z2) £ 
G ■ (0, x) n ({(m, y)} U (m, y)^). Since (ni, zi), (n2, 22) G G • (0, x), we have 2:1 = 2:2 = x. Two cases 
arise: 

(a) (ni,x), (n2,a;) G {m,y)+ 

Then we either have ni = m and y — > x, or ni = m + 1 and x ^ y. Since T does not contain 
^2,0 J the former alternative implies n2 = m, while the latter yields 722 = m + 1. In either case, we 
arrive at (ni,x) = (n2,x), as desired. 

(b) (ni,x) = (m,y) 

Since there is no arrow from x to x, this readily implies (n2,x) = {m,y). 
The inequality |G • (0, x) R ({(m,y)} U {m,y)~)\ < 1 follows analogously. □ 

Definition. Let (/, d) be a valued graph. A function / : / — > No is called subadditive if 

2/(i) > ^f{i)d{i,i) for every j € /. 

i&I 

We say that / is additive if equality holds for every j £ /. 



d{[xUy]) 



Lemma 1.3. Let T = (ro,ri,z^, r) be a valued stable translation quiver such that (r) C Aut(r) is 
admissible. Then the following statements hold: 

(1) The function d : Tq/{t) x Tq/{t) — > No, given by 

pri(z^([x], [y])) if [x] [y] 
otherwise, 

endows Tq / (r) with the structure of a valued graph. 

(2) IfT is connected and f : T — > No is a non-zero additive function with / ot = /, then there 
exists an additive function ip : T / [t) — > N such that ^{[x\) = f{x) for every x G To. 

(3) //(/? : T / {t) — > N is an additive function, then 

/:r^N ; x^if{[x]) 
is an additive function on T such that / o r = /. 

Proof. (1) Since (r) is admissible, we have d{[x], [x]) = for all [x] G ro/(r). Let [x] G ro/(r) be 
given. Since the quiver T/{t) is locally finite, it follows that d{[x], [y]) 7^ for only finitely many 
[y] G ro/(r). Finally, we assume that d{[x], [y]) ^ 0. Then [x] — > [y], and by definition of r/(r) 
there exist a G [x], b G [y] such that a — > 6. Thus, a & b~ = t(6)+, so that r(6) a. This implies 
[y] ^ [x] and ^([y], [x]) / 0. 

(2) In view of Proposition II. H we have /(Lq) C N. Hence there is a function : ro/(T) — > N 
with 9j([x]) = /(x) for every x G Fq. According to (1) we obtain for every y G Fq 

(*) 2^{[y])=f{y) + f{T{y)) = J] f{x)pv,{u{x,y)) = ^ ^{[x]) d{[x],[y]), 

xey- [x]ero/(T> 

so that if is indeed additive. 

(3) This follows directly from (*). □ 
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We conclude this section by discussing certain functions of stable translation quivers T of tree class 
^oo that will make an appearance in the next section. If x E Fq is a vertex, then its distance to 
the end of T is referred to as the quasi-length qi{x) of x. Vertices of quasi-length 1 are often called 
quasi-simple. Given ^ > 1, we let F^^-j be the full subquiver of F, whose vertices have quasi-length 
> i. A function / : Fq — > No is called eventually additive, if there exists i > 1 such that 

/(y) + /(r(y))= /(^) VyG(F(,))o. 
The minimal i with this property will be denoted i{f)- 

Examples. (1) The additive functions are precisely those eventually additive functions with i{f) = 1. 

(2) Every constant function / 7^ is eventually additive with i{f) = 2. 

(3) The function / : Fq — > Nq ; x 1-^ q£{x) — l is eventually additive with £{f) = 2. 

For future reference, we record the following simple observation: 

Lemma 1.4. Let F = (Fo,Fi,z^, r) be a valued stable translation quiver of tree class Tr = ^oo- Let 
f : Fq — > No be an eventually additive function such that f or = f . 

(1) Let X£(^fj and be two vertices of quasi-lengths i{f) and i{f) — l, respectively. Then 

fix) = - /(x^(/)_i))(q£(x) - £{f)) + V X G (F(^(/)))o, 

where we put /(xo) = in case i{f) = 1. /// is bounded, then /l(^((;(J^)_l))o ^■^ constant. 

(2) // / is subadditive such that 

(a) /(xi) = /(X2) for Xi € Fq with q£{xi) = i, and 

(b) /(x) > /(xi) for all x,xi G Fq with q^(xi) = 1 and ql{x) < i{f), 
then f is constant and £{f) < 2. 

Proof. (1) Since / is eventually additive with for = f, the map / gives rise to a function 
(p : — > No on the orbit graph of F which satisfies (p{n) = f{x) whenever q^(x) = n. The 
proof of Lemma 11.31 now yields 

2ip{n) = Lp{n + 1) +ip{n-l) yn>i{f), 

so that 

cp{n) = {^{£{f)) - <^(£(/)-l))(n - £{f)) + ip{£if)) V n > £{f). 

(Here we define ip{0) = 0.) This readily yields the asserted formula. If / is bounded, then £{f) > 2 
and we obtain ip{£{f)) — ip{£{f ) — 1) = 0, whence 92(72) = Lp{£{f )—1) for all n > £(/)—!. Consequently, 
/|(r(,(^)_i))o is constant. 

(2) We are going to show /(x) = /(xi) by induction on n := q£{x), the cases n = 1,2 being 
trivial. Let n > 3. Since / is subadditive and F has tree class A^o, there exist vertices y, 2; G Fo of 
quasi-lengths q£{y) = n — 1 and q£{z) = n — 2 such that 

fix) < fiv) + f{T{y)) - f{z) = 2f{y) - f{z) = /(xi), 

with equality holding for n > i{f). For n < i{f), condition (b) yields the reverse inequality, so 
that / is constant. In particular, £(/) < 2. □ 
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2. Additive Functions of tt-Points 

Throughout, we let k be an algebraically closed field of characteristic char(A;) = p > and 
consider a finite group scheme S over /c, whose coordinate ring and algebra of measures will be 
denoted k[^] and /cS, respectively. We shall identify S-modules and fcS-niodules and let mod S be the 
category of finite-dimensional S-modules. If : is a field extension, then Sic := Spec/^ (fc[S] ®k K) 
denotes the extended group, whose algebra of measures is 

:= AjSk = k<5®kK. 

We refer the reader to [H] and [56] for background on group schemes and their representations. 

Given M G modS, we write Mk '■= M^^K for the corresponding S_ft:-iiiodule. Let T be an 
indeterminate over k and put 

2lp,x := k[T]/{TP)®kK ^ K[T]/{TP). 

Following Friedlander-Pevtsova [36], we refer to a left flat algebra homomorphism aK '■ ^p,K — ^ 
as a TT-point if there exists an abelian, unipotent subgroup U C gj^ such that imaK C KU. Like 
any flat algebra homomorphism, ax gives rise to a pull-back functor : modSx — ^ modStp^x 
which is exact and sends projectives to projectives. Two vr-points and (3^ are equivalent if 

a*j^{MK) projective 4^ (3^{Ml) projective 

for every M € modS- The set of equivalence classes will be denoted n(S). Given M £ modS, we 
let 

n(S)M := {[ax] G n(g) ; a*j^{MK) is not projective} 
be the Il-support of M. In view of [361 (3-4), (3. 6)] the sets 11(9)^/ form the closed sets of a 
noetherian topology on 11(3) such that 

dimn(g)M = dimVg(M) - 1, 

where Vg(M) C MaxSpec(II°^(g, A;)) is the cohomological support variety of the S-module M (see 
[3 (5.7)] for the definition that also applies in our context). 

Let UK '■ ^p,K — ^ be a vr-point. If M € modS, then a|^(Mx) € modSlp^i^- uniquely 
decomposes as 

p 

a*K{MK) = ^aKAM)[i\. 

i=l 

where [i] represents the (up to isomorphism) unique indecomposable Stp^/^-module of dimension i. 
We will interpret the right-hand side as a base change of an Slp^fc-module A^, that is, 

a*K{MK) = Nk, 

with N = aK,i{M)[i] G modSlp^fc. The isomorphism class of N is the Jordan type of M with 

respect to ax, denoted Jt(M, aj^). 
Given a short exact sequence 

e : (0) — > M' — > M — > M" — > (0) 

of Sic-niodules, we write 

a*K{<t) : (0)^a*KiM'j,)^a*j,iMK)^a*j,iM';,)^{0). 

If M is a non-projective indecomposable S/^-module, then 

■■ (0) ^ N ^ E ^ M ^ (0) 

denotes the almost split sequence terminating in M. The reader is referred to [3l Chap.V] for the 
definition and basic properties of almost split sequences. We shall write A | y to indicate that X 
is isomorphic to a direct summand of Y. 
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For future reference we record a few basic properties of the functor M Mx- In the sequel, f^A 
denotes the Heller operator of the finite-dimensional /c-algebra A. 

Lemma 2.1. Let K he a finite- dimensional k-algehra, K : k be a field extension. Given a finite- 
dimensional A-module M, the following statements hold: 

(1) If M is indecomposable, then the Ax-module Mk is indecomposable. 

(2) M is projective if and only if Mk is projective. 

(3) We haven Aj^{Mk) = ^a{M)k ■ 

Proof. (1) Let R := EndA(M) and denote by J the Jacobson radical of R. Then R is local and 
since k is algebraically closed, we have R/J = k, whence Rk/Jk = K. A.s Rk = EndA^(Mii-), it 
follows that Mk is indecomposable. 

(2) One implication is clear. Part (1) implies that P ^ Pk provides a bijection between the 
isomorphism classes of principal indecomposable modules for A and Kk, respectively. Thus, if Muft- 
is projective, so is M. 

(3) This is a direct consequence of [l5l (3.5)]. □ 



Definition. Let M be a S-module, ax '■ ^p,K — ^ be a vr-point. We say that M is relatively 
aK-projective if Mk \ {KQ(^<^ a*x{MK))- The S-module M is relatively OK-injective, if Mk \ 
Rom^^^{K3,a*x{MK)). 



Remark. Suppose that M is a S-module such that Mk \ {KS ^sip ^ N) for some Stp^x-module N. 
Then there exists a split surjective homomorphism (p : (gjgi^^ ^ — > Mk of ii'S-niodules. Direct 
computation shows that the composite ip oi the homomorphism 

il: : K^(^^ j^N — > K^®'^^k01k{Mk) ; a n ^ a ® ip{l ® n) 

with the canonical map 

II : K'5(^i^j^a*K{MK) — > Mk ; a^m^a.m 

coincides with (p. Hence // is also split surjective. As a result, the following statements are equiva- 
lent: 

• M is relatively Oi^'-projective. 

• There exists an Slp^x-module A^ such that Mk \ (A'S<8)2ip ^ A^)- 

• The map : K^®%^ j^a*x{MK) — > Mk ; m ^ a.m is split surjective. 

The following subsidiary result, which elaborates on [ini (8.5)], is inspired by the modular repre- 
sentation theory of finite groups (see [3i (4.12.10)]). 

Lemma 2.2. Let M be a non-pro jective indecomposable ^-module, ok '■ ^p,K — ^ K9 be a n-point. 
Then the following statements hold: 

(1) M is relatively a k -projective if and only if Mk \ (A'S SSsi^ ^ [i]) for some i G {1, . . . ,p—l} 
with aK,i{M) / 0. 

(2) If M is relatively uk -projective, then Mk is cyclic, and n(S)Af = {[«x]}- 

(3) M is relatively UK-projective if and only if the sequence a*x{^M®kK) does not split. 
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Proof. (1) In view of Lemma [2. II and the above remark, this is a direct consequence of the Theorem 
of Krull-Remak-Schmidt. 

(2) By (1), there exists i G {!,..., such that \ (-ftTS ®2tp x W ) ■ Consequently, 

is cychc, and a consecutive apphcation of [Ml (5.5)] and [TOl (8.4)] imphes 7^ ^{9k)mk ^ 
n(Si^)ii-g^ap^W = {[^k]}, so that U{Sk)mk = {[(^k]}- It readily follows that [ok] S ^{9)m- 
Conversely, assume to be a vr-point of S such that [(3l] ^ n(S)Af. Consider a common extension 
field Q of L and K. Then /?q is a vr-point of 9k such that P^{{Mk)q) = /5q(Mq) ^ PI{Ml)q 
is not projective. Consequently, [/3q] E n(Sii')Mx5 so that the vr-points uk and /3q of 9k are 
equivalent. We conclude ax and /3l are also equivalent, when considered as 7r-points of S, whence 

n(g)A/ = {[ax]}. 

(3) Let 

: (0) — >N — >E — >M — > (0) 

be the almost split sequence terminating in M. According to Lemma |2.H the S_ft:-iiiodule Mk is 
indecomposable and non-projective. Thanks to [45, (3.8)], the sequence 

^M^kK : (0) ^ Nk ^ Ek ^ Mk ^ m 

is the almost split sequence terminating in Mk- We consider the canonical surjection /i : K9 (8)21^ ^ 
aJ^(Mx) — > Mk ; a®m 1— > am. If this map does not split, then ^M®kK being almost split implies 
that there exists oj : K9 a*j^{MK) — > Ek such that vr o u; = ^. The adjoint isomorphism 

Homi^g(KS02ip,K-«l^(^^)' ~) — Homsip.if ("x (^i^)^ -)°(^*K thus provides a map uj : a*j^{MK) — > 
a*j^{EK) with 

ax(^) ° = ida|^(Mx) ■ 

Thus, if a|^(CM ®A; -f^) does not split, then Mk \ {K9(^%p Ci*^[MK))-, and M is relatively uk- 
projective. 

Let M be relatively aj^-projective. According to [3, (VI. 3. 6)], a*j^{(tM®kK) being split entails 
that ^M®kK is split. Since (Bu'^kK is almost split, this cannot happen, so that a'^{(EM'^kK) is 
non-split in that case. □ 



Remarks. (1) Part (2) of the above Lemma implies, that the vr-points ax ■ ^p,K — K9 for which 
a given S-module M is relatively aj<-projective, give rise to closed points [ok] G n(S). In view of 
[361 (4.7)], the class [ax] is therefore represented by some p-point /3fc : 2tp_fc — > k9. 

(2) Let ax S nt(S) be a vr-point such that [ax] is not closed. Then Lemma \T2\ implies that 
no non-projective direct summand N of the induced module i^S<8)2ip ^ [^] defined over k, that is, 
there does not exist a S-module M with Mx — N. 

(3) Lemma [2.21 could equally well be stated in terms of relatively injective modules. In particular, 
the sequence a*j^{^M'^kK) does not split if and only if M is relatively ctx-injective. 

We let r5(S) denote the stable Auslander-Reiten quiver of the Frobenius algebra kS- By definition, 
rs(S) is a valued stable translation quiver, whose vertices are the isoclasses of the non-projective 
indecomposable S-modules. There is an arrow X ^ y if X is a direct summand of the middle 
term E of the almost split sequence £y. This arrow carries the valuation (m,m) if X occurs in E 
with multiplicity m, see [3l (V.1.3)]. The Auslander-Reiten translation rg is given by 

Tg = rig O l/g = l/g O Q^, 

where z/g := IIomg( — , A;S)* denotes the Nakayama functor of modS. By virtue of [2 (V.1.14)], 
rg(M) is the initial term of the almost split sequence terminating in M. 



10 



R. FARNSTEINER 



Let C Ts{3) be a connected component. In view of [24, (3.1)], whose proof can be easily 
modified to cover our context, we have 

n(g)M = n(g);v VM,iVGe. 

Accordingly, we shall speak of the Il-support 11(3)0 of 0. 

Definition. Let C rs(S) be a component. Given a vr-point ax '■ ^p,K — ^ -f^S, we say that is 
aK -split if the exact sequence a*j^{(BM^kK) splits for every M G 0. 

By abuse of notation, we will write / : — > No for a function / that is defined on the set of 
vertices of 0. If N is an 2lp^i<--module, then A'pf denotes its projective-free part, that is, the direct 
sum of all non-projective indecomposable summands of A^. 

Proposition 2.3. Let C rs(9) be a component, ax ■ ^p,K — ^ KS be a n-point. 

(1) We have aK,i ° ts = oiK,i for i G {1, . . . ,p— 1}. 

(2) 7/0 is not UK-split, then n(S)e = {[q^A']} o,f^d is either finite or isomorphic to 1\A^I {t"^) 
for some n € N. 

(3) Given m € {1, . . . ,p—l}, the function 

m—1 p—l 

V'm:0^No ; M ^^iaKAM) + m{^aK,i{M)) 

i=l i=m 

is subadditive with 'ipm ° ts = V'm • 

(4) Suppose that aK,i '■ — > No is additive for 1 < i < p—l. Then is ax -split. 

Proof. (1) Let C ■ — ^ k be the modular function of the Hopf algebra kS- According to |31|, 
(1.5)], the convolution 

/X := C * idfcs 

is a Nakayama automorphism of the Frobenius algebra kS, so that coincides with the pull-back 
functor fj.* : mod 3 — ^ mod 9, defined by fi. 

Since {( idi^)|xu = ^KU ^or every unipotent subgroup U C and ok factors through some 
unipotent subgroup U C Q^:, we have (^ (8) idx) o ax = cxk, whence o (^ (g) idi^)* = a*j^. As a*j^ 
is exact and sends projectives to projectives. Lemma |2 . 1 1 implies 

aUrsiM)K) = aj,((/x® idK)*(l^|(M)K)) = aJ,(J7|(M,,)) ^ nl^ Ja'kiMK)) (proj.). 

Observing f^|(^^([j]) = [j] for 1 < j < p—l, we conclude that 

nl^^^{a*j,{MK)) e (proj.) - aUMK). 

Consequently, 

a*K{Ts{M)K) e (proj.) ^ aJ^(Mx) © (proj.), 

so that aK,i{'rg{M)) = aK,i{M) for i e {I, . . . ,p—l}. 

(2) By assumption, there exists M G such that the exact sequence a*j^{(BM'SikK) does not 
split. In view of (2) and (3) of Lemma [2^ we have 11(3)0 = II(S)m = {[a.ft']}. We may now apply 
[231 (3.3)] to see that is either finite or an infinite tube 7i[Aoo] / {t'^) ■ 

(3) We write = K[t] with tP~^ ^0 = tP. Let m G {1, . . . ,p-l}. Given an 2tp,i^-module N, 
we let be the left multiplication on A^ effected by f^. Direct computation yields 

m—1 p 

kerC|,(M^) = aK,^{M)[i] © (^ a^,,(M))H, 

i=l i=m 
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SO that 

dimx ker C|,(Mk) = ^miM) + m aK,p{M) V M G mod 3. 

We denote the right-hand side by (pm and consider a short-exact sequence (0) — > M' — > M — > 
M" — > (0) of S-iiiodules. Observing the left-exactness of kernels, we obtain 

(M) < ip^{M')+ip^{M"). 

For X G {M, M', M"} we write a*j^{XK) = a*j^{XK)piePx, with Px projective. Then {Pm'®Pm") I 
Pm, so that 

paK^M) >paK,p{M')+paK,p{M"). 

We therefore obtain 

iJm^M') + ^„(M") = ipm{M') + ipm{M") -171 orA^') -maK,p{^") 
> ^^{M)-maK,p{M) = ilj^{M). 

Consequently, is subadditive on and (1) implies ° ^-g = V'm- 
(4) Let M be an element of 0, and consider the almost split sequence 

(0) — >N — — > M — > (0) 

terminating in M. Since each aK,i is additive for 1 < i <p— 1, we obtain 

a*K{MK)pi © a*K{NK)pi = ax(^i^)pf. 

For X G {M, N, E} we write a*j^{XK) = a*j^{XK)pi(S Px, with Px projective. Then {Pn(SPm) \ Pe 
and a comparison of dimensions yields Pe — Pm © Pn, so that 

a*K{MK) © aUNx) = a],{EK). 

Consequently, the exact sequence 

(0) a*K{NK) a*j^{EK) a*K{MK) (0) 

splits. As a result, the component Q is ax-split. □ 

We say that an AR-component C rs(S) is regular \i th.e middle terms of the almost split sequences 
terminating in the vertices of have no non-zero projective summands. By general theory (cf. O 
(V.5.5)]), an almost split sequence, whose middle term has the principal indecomposable module 
P as a direct summand, is isomorphic to the sequence 

(0) — > Rad(P) — ^ P© (Rad(P)/Soc(P)) — > P/Soc(P) — > (0). 

Hence all but finitely many AR-components of fcS are regular. 

By providing the converse to Proposition 12.3( 4). the following basic result indicates the utility 
of those vr-points ax for which a component is a^^-split. 

Theorem 2.4. Let C rs(S) he a component, ax '■ ^p,K — ^ be a n-point such that is 
ax -split. Then the following statements hold: 

(1) For every i £ {1, . . . ,p—l}, the map 

aK,i : ^ No ; M ^ aK,i{M) 

is an additive function on such that aK,i o ''"g = oiK,i- 

(2) The map 

OiK,<p : — ^ No ; M ^ dim^ M -p aK,p{M) 
is an additive function on such that aK,<p ° tq = OiK,<p- 

(3) The map 

aK,p : ^ No ; M ^ aK,piM) 
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is a subadditive function on Q, which is additive if and only if is regular. 

Proof. Let M be a non-projective indecomposable 9-niodule, and consider the almost split sequence 

(0) — > T^{M) — >E — >M — ^ (0) 
terminating in M. Since G is a/^-split, the sequence 

(0) aUrsiM)K) a^Mx) (0) 

is split exact, so that the Theorem of Krull-Remak-Schmidt implies 

for 1 < i < p. Upon decomposing E into its indecomposable constituents E = niEi © • • • © UrEr © 
(proj.) with Ei ^ Ej for i ^ j, we obtain 

r 

o:K,i{E) = y^^njaK,i{Ej) 
i=i 

for i < p—1, while 

r 

aK,p{E) = ^njaK,p{Ej) + ai^,p((proj.)). 

i=i 

Consequently, aK,i is an additive function on for i < p— 1, while aK,p is a subadditive function, 
which is additive if and only if there is no middle term E such that Ek has a non-zero projective 
summand. Owing to Lemma [2.H the functor M Mk sends indecomposables to indecomposables 
and preserves and reflects projectives. Thus, Ek has a non-zero projective summand if and only if 
E does. As a result, ap^x is additive if and only if is regular. 

Being a sum of additive functions, aK,<p = Yl\=i 'i''^K,i is also additive. According to (|2.3r i)l. 
the additive functions of (1) and (2) are rg-invariant. □ 

Setting max0 := 0, we record the following consequence of the proof of Theorem 12.41 

Corollary 2.5. Let = Z[Aoo]/(t") he an infinite tube, ax ■ ^p.K — ^ be a ir-point with 
n(9)e = {[cK-R"]}- The functions ax, i, 1pm '■ © — ^ I^o ore eventually additive for i,m S {1, . . . ,p—l}, 
with i{aK,i), i{ipm) < 1 + max{q^(M) ; M is relatively ok -projective}. 

Proof. Given i G {1, . . . ,p—l}, we put / := aK,i- Owing to (1) of Lemma 12.2^ at most finitely 
many M € are relatively aj^-projective. Hence setting 

i := 1 + max{q^(M) ; M is relatively aii--projective}, 

we see that no M G 0(£) is relatively aj^-projective. The proof of Theorem 12.41 in conjunction with 
Lemma 12.2( 3) now ensures that / is eventually additive with i{f) < i. By the same token, the 
subadditive functions ipm are eventually additive with i{^m) < ^- D 

Let C r^(g) be a component with n(g)e = {[a/^]}. If C Ts{3) is finite, then (SI (3.3)] 
ensures that the tree class Tq is a finite Dynkin diagram. Since the corresponding Cartan matrix 
is invertible, / = is the only rg-invariant additive function on 0. 

More specifically, consider the algebra kGa(i), associated to the first Frobenius kernel Ga{i) 
of the additive group Gq. Then A;Ga(i) is isomorphic to Slp^fe and rs(Ga(i)) is connected. For 
every j G {1, . . . ,p} there is an indecomposable module Mj of dimension j, and the isomorphism 
«fe : ^p,k — > kGa(i) gives ak,i{Mj) = 5ij. This shows that, for p > 3, none of the functions ak,i 
(1 < i < p—1) is subadditive (see Proposition II. ip . For p = 2, the function i = ■i/'i is subadditive. 
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Corollary 2.6. Suppose that dimIl{Q) > 1. LetQ = Z[Aoo]/(t") be aperiodic component ofFsiS), 
Ok be a ir-point. If there exist ^-modules Mi, M2 € Q with q£{Mj) = j and diniK a*j^{{Mj)K)pf = p 
for 1 < j < 2, then aK,i ■ 0{£{o^ -)_i) — > No is constant for each i E {1, . . . — 1} and G contains 
a relatively ax -projective module. 

Proof. Since is a periodic component, we have dimn(S)e = 0. Thus, 11(9) 7^ n(S)e) and there 
exists a vr-point (3l such that P1{Ml) is projective for every M £ Q. Consequently, the dimension 
of every module M £ is divisible by p, so that 

p\dimK a*K{MK)pf = Tpp-i{M) 

for all M G 0. Thanks to Proposition 12.31 the function V'p-i is subadditive with V'p-i °ts = V'p-i- 
Lemma ll.4( 2) now yields 

ipp-i{M)=p VAfe0. 

In particular, each of the functions aK,i ■ — No, (1 < i < p—l) is bounded and a consecutive 
application of Corollary 12.51 and Lemma ll.4( l) now ensures that each a_R',j|e(^(Q^ is constant. 

Since not all aK,i are identically zero, we conclude that at least one aK,i is not additive. A 
consecutive application of Theorem [23] and Lemma [2.21 now yields the existence of a vertex M G 
which is relatively ai<--projective. □ 



3. Invariants of Auslander-Reiten Components 

In this section we show that various notions introduced in jlO[ [37] give rise to invariants of stable 
Auslander-Reiten components of feS- In view of Theorem 12.4] we shall focus on those components 
^ ^s{9) that are a/^-split for every 7r-point uk- Thanks to Lemma [2.21 and ^24^ (3.3)], the 
remaining components are either of the form Z[Aoo]/ {t^) or are of finite Dynkin type, in which 
case their vertices form the non-projective modules of a block 23 C ^3 of finite representation type, 
see [3l (VI. 1.4)]. In the following, we let nt(S) be the set of vr-points of S. 

Definition. A component C rs(S) is called locally split if is Oi^-split for every ax G Ilt(S). 

3.1. The Fundamental Invariants. Given a component C rs(S), we define 

nt(g,0) := {aK G nt(g) ; is ax-split}. 

Our first result provides for every infinite component C rs(S) a function : nt(S,0) — > Nq 
on which our new invariants will depend. 

Theorem 3.1.1. Let C rs(S) be an infinite component. Then there exist an additive function 
/e : — ^ N and a function : nt(g, 0) — > with 

aK,i{MK) = df{aK)fe{M) l<i<p-l and okM^k) = d^{aK)fe{M) 

for every M G and every ax G IIt(S, 0)- 

Proof. According to ^24^ (3-2)], the tree class Te is either a simply laced finite or infinite Dynkin 
diagram, a simply laced Euclidean diagram, or A12. If Tq is a finite Dynkin diagram, then [24] 
(3.3)] implies that each vertex of is periodic, so that is finite. Consequently, the tree class Te 
belongs to {Aoo, A"^, Dqo, A12, Dn, E^j^g}, with each tree carrying the standard valuation. 



14 R. FARNSTEINER 

For each tree class Tq there exists an additive function ipf^ : Tq — > N such that every other 
additive function on Te is an integral multiple of ipf^ (cf. [3, p.243ff] or [lOl Thm.2, Rem. p. 328]). 
We define 

h[Te\ ■■ '^[Te] — ^ N ; {n,x) ^ ^Tq{x). 

By ()1.2p and (|1.3p . Tq is the orbit graph of 'L\Tq\ and Lemma [1.3( 3) ensures that /z[Te] is an 
additive function on ^[Te] such that 

/Z[T©] o^ = /z[Te]- 

Moreover, any other additive function / : "L^Tq] — > N with / o r = / is an integral multiple of 
/z[Te]- 

The Riedtmann structure theorem [J, (4.15)] provides an admissible subgroup G C Aut(Z[r0]) 
such that 

e ^ z[re]/G. 

Since G is admissible, the canonical projection map vr : Z[Te] — > is a covering of valued 
stable translation quivers, that is, vr induces bijections x'^ ■k{x)'^ and x~ 7r(x)~ for every 
X G Z[T0]o. Thanks to Prop osition 1 1 . 1 I f 2 ) . we have /z[Te]°5 = /z[Te] every g G G. Consequently, 
there exists a function /e : 6 — > N with 

As TT a covering, /e is additive and every other additive function / : Q — N is an integral multiple 
of/e- 

Let aK G nt(S,0) be a vr-point. Since is a/c-spht. Theorem 12.41 ensures that each aK,i 
(1 < i < p—1) is an additive function, with aK,i ° Tg = aK,i- In view of Proposition 11.11 we either 
have aK,i = or aK,i{M) G N for every M G 0. We thus set df (a/^) = whenever aK,i = 0. 

Suppose that aK,i 7^ 0. Since aK,i ° 7"g = aK,i, there exists df^ax) G N with 

aK,i = df{aK)fe- 

The same reasoning yields the existence of dp {ax)- D 
For future reference, we record a few special instances: 

Corollary 3.1.2. Let C Ts{5) be a component. 

(1) //© has tree class Tq = Aao, then we have 

aK,i{MK) = dfiax) qi{M) and aK,<p{MK) = d^iax) q({M) 

for every i G {1, . . . ,p—l}, every M G and every G nt(9,0). 

(2) Iffe ^ ii2, then we have 

aK,i{MK) = df{aK) and aK,<p{MK) = dpiax) 
for every z G {1, . . . ,p—l}, every M G and every ax G nt(9)- 

Proof. (1) If has tree class A^o, then fQ{M) = qi{M) for every M G 0. Since is infinite, our 
assertion follows from Theorem 13.1.11 

(2) According to [24, (3.3)], we have dimn(S)e ^ !> so that is locally split and nt(S,0) = 
nt(g). Since /e = 1 for Te ^ Au, A'^ (cf. gOl Thm.2, Rem. p. 328]), our assertion follows directly 
from Theorem 13. 1.11 □ 
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3.2. Sets of Jordan types. Let M be a S-module. Then 

Jt(M) := {3t{M,aK) ] ax G nt(g)} 

is a finite set, the set of Jordan types of M. Following [10], we say that a S-module M has constant 
Jordan type, provided Jt(M) is a singleton. In that case, we call Jt(M) the Jordan type of M. 

Our first application, which generalizes [10, (8.7)], provides a new invariant for locally split 
Auslander-Reiten components. 

Corollary 3.2.1. Let ^ rs(9) be a locally split component. Then 

I Jt(M)| = [imd®! 

for every M G 0. 

Proof. Let M be an element of 0, axil^L G nt(S) be vr-points. Thanks to Theorem 13.1. 11 we have 
Jt(M,aii-) = Jt(M,/3L) if and only if d®{aK) = d^iPi)- Consequently | Jt(M)| = |imd®|, as 
desired. □ 



In view of Corollary 13.2.11 the presence of a module M of constant Jordan type in a locally split 
component G implies that all modules of @ have constant Jordan type. This is the content of [10| 
(8.7)], provided that dimn(S) > 1. In the remaining case, 11(9) is a singleton (cf. [lOl (3.4)]), so 
that every 9-niodule has constant Jordan type (cf. [371 (4.10)]). 

Let M be a 9-niodule, ok '■ ^p,K — > -f^S be a vr-point. Then the isomorphism class of 

p-i 

0a/c,i(M)[i] G mod2lp,ir 
1=1 

is referred to as the stable Jordan type StJt(M, a^) of M with respect to ax- We let StJt(M) be 
the set of stable Jordan types of M. Obviously, a 9-iiiodule has constant Jordan type if and only 
if it has constant stable Jordan type. 

Corollary 3.2.2. Suppose that Q C rs(9) is a component with dimn(9)e ^ 1 'i^'^ ^ ^oo- If 
ax is a ir-point, then |{StJt(M, ax) ; M € 0}| = |im/e| < 6. 

Proof According to [24, (3. 2), (3.3)], the tree class of 9 belongs to {ii2, i)„, ^6,7,8, ^oo}- It 
follows from Theorem 13.1.11 that \{StJt{M,aK) M € 0}| is equal to the cardinality of im/e. 
According to [40l Thm.2, Rem. p.328] this number is 1 for Tq = ii2,^~; 2 for Tq = Dn,D^; 3 
for Tg) = E'e; 4 for Tq = Et, and 6 for Tq = -Eg- D 



Remark. If 9 = Gr is a Frobenius kernel of a reductive group G, then the support of every compo- 
nent G C FsiGr) of tree class Tq / has dimension dimn(Gr)e ^ 1 and the trees Eqj^q do not 
occur (cf. [221 (4.1)]). We therefore have |{StJt(M, ai^-) ; M G G}| < 2 for every component with 

Let ax G nt(9) be a vr-point, M € mod 9 be a 9-niodule. Then 

supp^^(M) := {i G {1, . . . ,p-l} ■ axAM) + 0} 

is the ax -support of M. The following immediate consequence of Theorem 13.1.11 provides useful 
invariants for locally split components, enabling us to distinguish components having the same 
TT-supports (cf. Corollary 18.1.21 below). 
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Corollary 3.2.3. Let 6 C T^O) be a component. If ax G nt(9,6), then 



supp„^(M) = {iG{l,...,|5-l} ; df(ai^)/0} 
for every M G 0. □ 



3.3. Dominance Ordering and Non-maximal Supports. Let aK and /?l be vr-points, M G 
mod 9 be a S-niodule. In [37], the authors introduce a relation by setting 

OLK /3l dimii- imt^^^^j^^^) < dini/^ imt™, V m G {1, . . . 

The proof of Proposition 12.31 readily yields 

p p 

ax <M Pl :^ Y.^i-j)aK,i{MK) < ^(i- j)/?L,i(^L) ^ < J < P- 
i=j i=j 

In view of \14:\ (6.2.2)], this relation corresponds the usual dominance ordering on the partitions of 
dimfc M, associated to a*j^{MK) and (31{Ml), respectively. More precisely, 

ax ~M Pl JtiM,aK) = Jt(M,/3i) 

defines an equivalence relation of lit (9) and <m is a partial ordering on the set of equivalence 
classes Q 

Our next result shows that the relation defined by an indecomposable module is an invariant of 
its stable AR-component. 

Proposition 3.3.1. Let B C rs(9) be a locally split component. If ax cind Pl are n-points such 
that ax ^Mo Pl for some Mq G O, then ax Pl for all M ^ @. 

Proof. According to Theorem 13.1.11 we can find df{aK),df{PL) G No such that 

7i(M) = df{n)fe{M) l<i<p-l and 7<p(M) = d^{^)fe[M) 7 G {aK,PL}, 

for every M G G. Given any 9-module M G 9, we have 7p(M) = ^(dimfcM - d^{-f)f0{M)) and 
thus obtain 

p— 1 . p—i 

aK<MPL ^ Y.'^i-3)df{aK)-[^)d^[aK)<Y.{i-j)df[PL)-{^)d''^{PL) 

i=j ^ i=j ^ 

for 1 < j < p. Since the right-hand side does not depend on M, our assertion follows. □ 

Let M be a 9-niodule. We say that ax G nt(9) is maximal for <m if Pl ~m ctx for every 
Pl G nt(9) with ax Pl- In [2Z]) the authors introduce the variety of non-maximal supports. 
Given a 9-iiiodule M, we write 

n(9)M := {x G n(9) ; 3 ax G x, ax is not maximal for 
Thanks to [371 (5-2)], this set is a closed subspace of n(9)A/) which coincides with n(9)M if and 

oniyif n(g)M /n(g). 

Theorem 3.3.2. Let C rs(9) be a component such that 11(9)0 = 11(9). Then we have n(9)M = 

n(9)iv for M,N ee. 

"'^Note that our formula above differs from the one given in [101 §1], where the authors set ax Pl '--^ 
ELj i^KAMK) < ELj ^PlAMl) 1 < j < p. The choice p = 3 and (03, a2, ai) = (2, 0, 1) ; (/Sa , /32 , /3i ) = (1, 2, 0) 
defines two partitions a and /3 of 7, so that a>l3 with respect to our definition, while the one of [10] leads to a ^ /3. 
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Proof. We first assume that dimn(S) > 1, so that is locally split. Suppose that x ^ II{9)m 
and let ax G x be a vr-point. Then ax is maximal for If Pl cxk is another vr-point, then 
Pr op osition 13 ■ 3 ■ 1 1 implies Pl^mc^k, so that Jt(M,/3L) = Jt{M,aK)- As a result, = dP{oiK), 

giving ii[N,[3i) = Jt(A^, a^)- We conclude that ax is maximal for <Ar, whence x ^ n(S)Ar. 
Consequently, n(S)Ar ^ n(S)A/, implying our assertion. 

If dimn(S) = 0, then [10., (3-4)] ensures that 11(3) is a singleton. We may now apply [371 (4-10)] 
to see that every S-niodule has constant Jordan type. Consequently, we have n(S)jvf = = n(S)iv 
in that case. □ 



4. Components containing relatively projective modules 



Throughout this section, we are working over an algebraically closed ground field k. We shall 
study stable AR-components Q C rs(S) which are not locally split. According to Lemma 12.21 
these are precisely those components that contain a relatively a/^-projective S-module for some 

oiK G nt(g). 

4.1. Quasi-simple relatively projective modules. In order to record detailed information on 



the functions aK,i '■ © 
the {p X p)-matrix 



No for infinite components C rs(g) that are not aj^-split, we introduce 
/2 



A 







-1 

2 -1 ... 

-12-10 







-1 



. ... 0\ 

.... 

.... 

-1 ... 



2 -1 
-1 1 / 
l))-principal minor of this matrix 



-1 

Vo 

whose coefficients are denoted Ojj. Note that the ((p— 1) x [p- 
is just the Cartan matrix of the Dynkin diagram Ap-i. 

Thanks to Proposition 12.31 every infinite component C rs(9) which is not locally split is of 
the form = Z[Aoo]/(t"), so that we can speak of the quasi-length q^(M) of a module belonging 
to 0. 



Proposition 4.1.1. Let ax ■ ^p,K — ^ -f^S be a n-point, C rs(S) be an infinite component such 
that 

(a) is not ax split, and 

(b) if N £ Q is relatively ax -projective, then qi{N) = 1. 

Then there exist a vector (ni, . . . ,np_i) G Nq \ {0} and a quasi-simple module M G such that 

p— 1 p— 1 

aK,i{X) = {aK,i{M)-'^aijnj) q£{X) + '^aijnj I <i<p-l 

j=i j=i 

for every X G 0. 

Proof. Given i G {1, . . . we put Ni := K'5®(^ Conditions (a) and (b) in conjunction with 
Lemma 12.21 ensure the existence of a quasi-simple module M G that is relatively aii--projective. 
We define rij G No to be the multiplicity of Mk in Ni, that is, 

iV, ^ mMx e N'i with Mk \ N'i. 
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Thanks to Lemma |2. 2( 1). at least one of the nj is not zero. Since is not projective, we have 
Up = 0. 

We consider the almost split sequence 

■■ (0) — > tq{M) — >E — >M — >{0) 

terminating in M. Since k is algebraically closed, |451 (3.8)] ensures that 

(BM^kK: (0) ^ ts{M)k ^ Ek ^ Mk ^ (0) 

is the almost split sequence terminating in Mk- Let ip : Ni — > Mx be a homomorphism and write 
if = {ifi, . . . , ifm, with ipt € Endg^,(Mi^) for 1 < i < nj and G Homg^(A^j', Mk)- Then ip is 
split surjective if and only if ipt ^ Rad(Endg^, (M^)) for some t € {1, . . . ,nj}. Since ^M®kK is 
almost split, there results an exact sequence 

(0) — > Homg^(iVi,rg(M)x) — > Homg^(A^i, ^x) Rad(Endg^(MK)) © Homg^(A^;, M^) 

(0) 

for every i G As k is algebraically closed, the right-hand term above has dimension 

dimx Homg^(A^j, M/^) — rij and Frobenius reciprocity implies 

dimi^ Hom2ip^^([i],a|^(^i^)) = dimi^Hom2i^^^([i], a|^(Mx)) + dim^ Hom2ip^^([i], a^(rg(M)i^)) 

-m. 

From the formula 

dimi<:Hom2ip_^([s], [t]) = min{s,t} V s,t G {1, . . . ,p} 

we get 

p p 

min{i, C\aK,t{E) = ^ min{i, f\{aK,i{M) + ai^^£(rg(M))) - 1 < i < p. 

£=1 £=1 

Let B := (min{i, ^})i<i^£<p G Matp(Z) and n = (ni, . . . , np)*'' G IP. The above identities then 
amount to 

Bx = By — n, 

where 

X := {aK,iiE), aK,p{E)T and y := {aK,i{M) + ax,i(rg(M)), . . . , aK,p{M) + aK,p{rs{M))Y' . 

Direct computation reveals that B is invertible with inverse B~^ = A. Consequently, x = y — An, 
whence 

p-i 

(*) aK,i{E) = aK,i{M) + aK,i(rg(M)) - ^ Oij-rij for l<i<p. 

i=i 

Since q£(M) = 1, we have 

E^M2®P, 

where M2 G 9 has quasi-length 2 and P is indecomposable projective or (0). Hence (*) implies 

p-i 

(**) aK,i{M2) = aK,i{M) + ax,i(rg(M)) - ^ ai^n^ 

i=i 

for 1 < i < p—1. 
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Now suppose that i < p — 1. Proposition I2.3r i) yields 0^,1 ° ts = ciK,i, while Corollary 12.51 and 
condition (b) ensure that i{aK,i) < 2. Thus, if Yl^=i ^v'^j — then aK,i is additive, and our 
assertion follows from Lemma ll.4[ Alternatively, (.{oiK,!) = 2, and Lemma 11.41 implies 



2) 



p—1 p— 1 



{aK,i{M)-'^aijnj) q£{X) + ajjUj 



i=i i=i 



for every X Q. □ 



Remarks. (1) Suppose that Q = Z[Aoo]/ (r) is a homogeneous tube. If ii^ = M2 © P, with P ^ (0), 
then M ^ P/Soc(P) and M ^ rg(M) ^ Rad(P), see [31 (V.5.5)]. Thus, Rad(P) ^ P/ Soc(P) and 
the block C fcS containing P is a Nakayama algebra. Hence is finite, a contradiction. It now 
follows from (*) that the formula of Proposition 14. 1.2] also holds for i = p. 

(2) The foregoing result can be stated more formally by letting nj{M,aK) be the multiplicity of 
Mk as a summand of K^fSx^ [j]- As noted in [24, (3.2)], there is an isomorphism 

rs^{K9^^ ^ [j]) © (proj.) ^ KS^si^,^ [j], 

whence nj{M,aK) = iT'jiTgiM), ax) for 1 < j < p — 1. Thus, Proposition 14.1.11 holds for every 
quasi-simple module M € Q. 



Let Q C rs(S) be an infinite component that is not a^^-split for some vr-point ax G Ilt(S)- The 
utility of the above result crucially depends on 

(a) all relatively a/^-projective modules M £ Q being quasi-simple, and 

(b) the knowledge of the multiplicty rij of Mk as a summand of KS^%p ^ [j] for 1 < j < p—1. 
Proposition 14.1.31 below addresses these issues for relatively a^^-projective modules whose tops 
contain one-dimensional modules. We begin with the following easy observation: 



Lemma 4.1.2. Let ax G nt(S) be a ir-point, j € {1, . . . ,p}. If S is a simple ^-module, then Sk 
is a simple Qx-^odule that occurs in Topg^(-R'S(82lp a- bD '"^^^'^ multiplicity dim^^-kerf^* (Sk)' 

Proof. Since k is algebraically closed, we have Endg(5) = k, whence Endg^(S'i^) = K^^k = K. 
Hence Sk is simple, and Frobenius reciprocity implies 

Homg^(i^g02i„A[i],5x) = Hom2i^^,([j],aJ,(5;,)). 

Since dim^i- Endg^(S'ii') = 1, the dimension of the former space counts the multiplicity of Sk in 
Topg^(Kg®2ip,Ab1)- Writing a%^{SK) = 0f=i aK,i{S)[i], we obtain dim^ Hom2ip^([i], a|^(S'i^)) = 
'Yli=i ™in{i, j}ax,i(5'). As observed in the proof of Propositior l2.3l the latter number coincides with 
dimx ker t-' , ,^ □ 



Proposition 4.1.3. Suppose that p > 3, and let Q be a finite group scheme of infinite represen- 
tation type. If M is a non-projective, indecomposable, relatively ok -projective ^-module such that 
Topg(M) © Socg(M) contains a one- dimensional submodule, then the following statements hold: 

(1) The component Q C rs(S) containing M is isomorphic to Z[Aoo]/('7"'") for some m>l. 

(2) The module M is quasi-simple. 
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(3) There exists a non-zero vector (ni, . . . ,np_i) E {0, 1}^ ^ such that 

p—X p—l 

aK,i{X) = {aK,i{M)-y^^aijnj) qi{X) + '^aijnj I <i<p-l 

j=i i=i 

for every X € 0. 

Proof. (1) By assumption, there exists an algebra homomorphism A : kS — ^ k such that the 
one-dimensional S-module kx associated to A occurs as a summand of Topg(M) © Socg(M). 

In view of Proposition 12.31 the component Q is either finite or an infinite tube. In the former 
case, Auslander's Theorem [31 (VII. 2.1)] implies that contains all non-projective indecomposable 
modules of the block 'Bm containing M. Thus, 'Bm has finite representation type and kx belongs 
to Hm- The convolution id^g *A is an automorphism of k3 that sends the block 'Bjvf onto the 
principal block So(S) of fcS- Consequently, 23o(S) is representation-finite, and 128, (3.1)] implies 
that kS enjoys the same property, a contradiction. 

(2) We first assume that Topg(M) contains a one-dimensional module. Since M is relatively ax- 
projective, Lemma [212] provides an element j G {1, . . . ,p—l} such that Mk is a direct summand of 
-f^S^sip if b]- Then Kx = kx^xK is a direct summand of Topg^(M/^) (cf. [Ml (3.5)]), and Lemma 
l4.1.2l shows that Kx occurs in Top{KQiSi<Hp k bD with multiplicity 1. Accordingly, Mk is the unique 
indecomposable direct summand of K2'Si<^ ^ [j] such that Kx \ Topg^(Mx). 

As observed in the preceding remarks, we have 

rg^-(KS02V,K [j]) © (Proj.) = K90%^^^ [j], 
so that rg^(Mx) is also a direct summand of KQi^f^j^ [j]. We put £ := min{n > 1 ; rg(M) = 
M}. Since t^\q is an automorphism of preserving quasi-lengths, we conclude that Tgje — ide. 

Consequently, ^ Z[^oo]/(rO- 

Suppose that the S-module kx belongs to 0. Then kx has complexity < 1, and the formula 
cxg(M(g)fc/cA) < cxg(A;A) implies that every S-module has complexity < 1. By general theory (cf. 

m (6-8)]), 

S = 9° X Sred 

is the semidirect product of an infinitesimal normal subgroup 3^ and a reduced group Sred- Thus, 

the complexities of the trivial modules for the subgroups Sred and S*^ are also bounded by 1. 
Suppose that cxg^^^(fc) = 1. Then Sred is not linearly reductive and there exists a closed subgroup 
Q Sred such that y{k) = Z/(p). If cxgo(A;) = 1, then the proof of [28^ (3.1)] ensures the existence 

of a closed subgroup U C S'^ such that U = is isomorphic to the first Frobenius kernel of the 

additive group and with "? acting trivially on U. Consequently, 

2 = cx'Uxt(^) < cxg(A;), 

a contradiction. We conclude that cxgo(/c) = 0. Hence the normal subgroup S*^ ^ S is linearly 
reductive, and [231 (1-1)]) provides a normal subgroup 7^ < Sred such that 

(a) p f ord(3sf(fe)), and 

(b) the principal block 'Bo(S) is isomorphic to 'Bo(Srcd/^)- 

In particular, the trivial module of the finite group S{k)/J^{k) has complexity 1 and is thus periodic 
(cf. [3 (5.10.4)]). Owing to [13, (XII.11.6)], this implies that the Sylow-p-subgroups of S{k)/J^{k) 
are either cyclic, or generalized quaternion. In the former case, Higman's Theorem [42 1 Thm. 4] en- 
sures that 23o(S) — 23o(Sred/^) has finite representation type, and [281 (3-1)] yields a contradiction. 
Alternatively, p = 2, which contradicts our current assumption. 

Consequently, cxg^^^(fc) = 0, and the group Sred is linearly reductive. A consecutive application 
of |28t (2.7)] and [28[ (3.1)] now shows that S is representation-finite, a contradiction. 
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Thus, kx ^ Q, and the defining property of almost spHt sequences implies that the function 
X 1-^ dim/s Homg(Tg (X), kx) is additive on 6 for every n > 0. Since G = Z[Aoo]/(t^), the map 

e-i 

dx-.e — ; X ^ ^dimfcHomg(T^(X),A;A) 

n=0 

is a Tg-invariant, additive function. By Lemma 11.41 there exists r € N with 

dxiX)=rq£{X) V X G G. 

Owing to |45l (2. 5), (3. 6)], the modules t^^{Mk) < n < i — 1 are pairwise non-isomorphic 
summands of i^SC^sij,^ [j]- Consequently, dx{M) = 1, so that q£{M) = 1 and M is quasi-simple. 

If Socg(M) contains a one-dimensional module, then observing the fact that /c9 is a Frobenius 
algebra, we conclude that the top of the injective hull E{M) of M contains a one-dimensional 
module. Consequently, Topg(Og^(M)) has a one-dimensional constituent. The isomorphism 

(*) n^l{K90^^ [i]) e (proj.) ^ i^s®2v,K [p-i] 

ensures that r2g^(M) is relatively ai^-projective. As a result, the module r2g^(M) is quasi-simple. 
Since induces an automorphism of the quiver rs(S), the module M enjoys the same property. 

(3) Now let X G G be an arbitrary relatively ai<--projective S-module. Since G = Z[Aoo] 
and M is quasi-simple, there exist a surjection t^(N) — > M as well as an injection M — > rg(M) 
for some ^, s G {0, . . . , m — 1}. As Tg(A^) and Tg(A^) are also relatively ax-projective, part (2) 
ensures that Tg(A^) or Tg(A^) are quasi-simple. Thus, N is also quasi-simple. 

Suppose that kx ^ Topg(M). Let j G {1, . . . ,p—l}- If nj is the multiplicity of Mk in KS^aip kU], 
then the one-dimensional module Kx occurs in Topg^, (i^S®2ij, a- bD with multiplicity nij > rij. 
Lemma 14.1.21 now shows that mj is bounded by 1. 

If kx C Socg(M), then nj{^}^^{M),aK) G {0,1}. In view of (*), we have nj{M,aK) = 
jOk), so that nj{M,ak) G {0,1}. The assertion thus follows from Proposition 



Remarks. (1) The proof shows that Proposition 14.1.3) also holds for p = 2 as long as the Sylow-2- 
subgroup of S(/c) is not generalized quaternion. 

(2) Let ak G Ilt(S) be a vr-point that is defined over k, and denote by P{k) the projective cover 
of the trivial S-module k. The canonical map 

fi:k^(^f^^k — >k ; a®l^e{a) 

affords an 2lp_fc-linear splitting 7 : k — > k^(^'^ ^k ; s 1— > 1 s. If 

k9^<2i^_,k = P{k)(BX, 

then Lemma 14.1.21 implies that k is not a top composition factor of X, whence fi{X) = (0). 
Consequently, the trivial Slp^^-module is a direct summand of the projective module a^(P(A;)), a 
contradiction. As a result, kS®%pf.k possesses a non-projective, indecomposable constituent with k 
being a composition factor of its top. The arguments of Lemma |4 . 3 . 1 1 b elow show that this applies 
to every one-dimensional S-module. 
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4.2. Special types of vr-points. In this section we shall provide another two criteria ensuring 
that certain relatively projective modules are quasi-simple. We fix a vr-point ax G nt(9) such that 
[ok] S n(9) is closed. 



Proposition 4.2.1. Let M be a non-projective indecomposable relatively ax-projective module 
which is contained in an infinite component Q C rs(S). // either 

(a) K^axit) is an ideal of KQ, or 

(b) there exists an abelian unipotent normal subgroup IX C '^^ of complexity cxii{K) = 1 such 
that imaK C KIL, 

then M is quasi-simple. 

Proof. Assuming (a), we have ai^(t)-R'S C KSaxit), whence axityKS ^ K^aKitY for all 1 < 
i < p—1. Thus, li := K^axitY is an ideal of -fCS. Since M is relatively Oi^-projective, there exists 
i G {!,... such that Mk \ i^S^sip k\^\- Since the homomorphism uk factors through an abelian 

unipotent subgroup, it is also right flat and the natural map — > i^S®2lp ' ^ ^ a®l induces 
an isomorphism KQ/Ii — i^S®2ipK Thus, Mk is isomorphic to a principal indecomposable 
(-R'S//i)-module and hence has a simple top. Consequently, M enjoys the same property (cf. [45| 
(3.3)]). 

Assuming (b), we obtain that Mk is a direct summand of KSfSiKU^ for some indecomposable 
KU-module N. Since cx|x(K) = 1, it follows that KU ^ K[X]/{Xp") as weU as ^ K[X]/{X^) 
for some i € {1, . . . 1}. Thus, KS'^ku^ — K^/K^x^, with x being the canonical generator of 
KU. As It is normal, the left ideal K^KW = K^x is an ideal of K^, and the arguments employed 
above guarantee that Topg(M) is simple. 

Recall that the indecomposable S-module ^l~^^{M) is also relatively a^-projective. Consequently, 
Og^(M) has a simple top, implying that M has a simple socle. 

Since t^{M) is relatively a/^-projective for all £ € Z and is infinite, we may apply (1-2)] 
to conclude that M is quasi-simple. □ 



Corollary 4.2.2. Suppose that imaK is contained in the center 3(-f^S) of K^. Let M be a 

non-projective indecomposable relatively aK -projective module which is contained in an infinite 
component G C rs(S). Then there exist j € {1, . . . ,p—l} and m, n E N with m > 2n such that 

{{m — 2n)q£{X)-\-2n fori=j 
n{qi{X)-l) fori=j-l,j + l 
for i j,j + l,j-l 

for every X € and i £ {1, . . . ,p—l}. 

Proof. By assumption, K^OKit) is an ideal of KQ. Let j £ {1, . . . ,p — l} be such that Mk \ 
-f^SCS>2ip X bT Since aK{t) is central, we obtain a|^(KS<8'2ip ^ [j]) — C^'^^ ^^ )b']- Hence there exists 
m G N with 

a*K{MK) = m[j]. 

This readily implies ni{M,aK) = n6ij 1 < i < p—1 for some n G N. The asserted formula now 
follows by applying Propositions 14. 2.1] and HXTl consecutively. Since aK,j{X) > for all A G 0, 
we also conclude that m > 2n. □ 
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4.3. Trigonalizable Group Schemes. Throughout this section we consider a trigonalizable finite 
group scheme S- By definition, all simple S-modules are one-dimensional. The Theorem of Lie- 
Kolchin ensures that the Probenius kernels of the smooth connected solvable algebraic groups belong 
to this class. 

By general theory (cf. [17, (IV,§2,3.5]), 9 = U xi is a semidirect product of a unipotent normal 
subgroup 11 and diagonalizable factor D. Thus, the coordinate ring k[T)] = kX{1)) is the group 
algebra of the finite group X{D) of characters of D. If ii': A; is a field extension, then 

K[Dk] = k[V] <S)kK^ KXCD), 

so that T)k is diagonalizable with character group X{Dk) = X{D). 

Since U is unipotent, the canonical restriction map X{S) — ^ ^(^) is an isomorphism. Given 
A S ^(S), we let kx be the one-dimensional 9-niodule defined by A. Thus, {kx ; A G X{Q)} is 
a complete set of representatives for the isomorphism classes of the simple S-niodules. By the 
above, these observations also apply to the group S/^, given by an extension field K of k. We will 
henceforth identify X{Qk) with X(S). 

Lemma 4.3.1. Let ax G nt(9) be a ir-point, j E {1, . . . ,p}. 

(1) Topg^(i^g®2V,,,[i]) = ®xeXiS)Kx. 

(2) We have {K9^^ ^[j])^K Kx = K9^<^^[j] for all A G X{9). 

(3) We have tq^^{K<5®^^,, = ^(^^^ [j] forl<j<p-l. 

Proof. (1) This follows directly from Lemma 14.1.21 

(2) Since S/lt is diagonalizable, every vr-point of S factors through U. Let V[j] := KV^<^ ^[j], 
so that 

The tensor identity [S', (1.3.6)] then yields 

{K^®Kuy[j\)®kKx = K^®Ku{V[j\®K{Kx\u)) = K^®kuV[j\ 

for every character A G X{^). 

(3) Let j G {1, . . . ,p— 1}. Consider the exact sequence 

(0) i^g®2v,^ [p-j] ^K9^ ^3021,,^ [j] (0). 

According to (1), we have Topg^ (-^^S) = Topg^^(i^98'2ip k^D' ^° ^^^^ {KQ,tt) is a projective cover of 
^9»2lp,xb1- Consequently, l^s^(i^S»2l^,^[j]) = K9^^ '^\p-j], andnljKS^^Jj]) ^ KSSx^Jj]. 
Since rg^ is the composite of ilg with the functor M — > M(^kKc^, defined by the modular function 
C G -'^(S), part (2) yields the desired isomorphism. □ 

Given a S-module M, we let 

Stabx(g)(M) := {A G X(g) ; M®kKx = M} 

be the stabilizer of M. Let K be an extension field of k. By the above observations, we have 
Mk®kKx = {M(^kk\)K for every A G X(g). It now follows from 051 (2.5)] that 

Stabx(g)(M) = Stabx(g)(Mi^). 

Recall that a gi<--module is said to be defined over k if there exists a g-module M such that 
^ Mk. 
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Lemma 4.3.2. Let M G modS be a non-projective indecomposable ^-module, £ nt(S) be a 
TT-point. If M is relatively uk -projective, then there exists a unique j £ {1, . . . ,p—l} and a subset 
Xm ^ -^(S) of cardinality [X(S) :Stabx(g)(M)] such that 

xeXM 

In particular, dimfcTopg(M) = ord(Stabx(g)(-M^)); and the module KS'^oij, j^ij] is defined over k. 

Proof. By virtue of Lemma 12.21 the S^-module Mk is a direct summand of KS'^%p ^- [j] for some 
j £ {1, . . . ,p—l}. We decompose 

into its indecomposable constituents, where Mi = Mk- In view of (1) of Lemma 14.3.11 the corre- 
sponding decomposition of its top yields a partition 

^(S) = |J^- 
1=1 

where Topg^(Mj) = @xeXi -^A- Note that the isoclass of Mj is uniquely determined by Xi. 

Let A € -^(S)- Owing to Lemma [4.3.11 the KS-module Mi®kK\ is an indecomposable direct 
summand of KS<X)2ip ^ [j]- Hence there exists exactly one i{X) S {1, . . . , n} such that Mi®kK\ = 
Mif^X)- It readily follows that ^j(A) = A.Xi. Let Xm C X(S) be a complete set of left coset 
representatives for Stabx(g)(M). Since Stabx(g)(Af).Xi = Xi, we obtain 

X(g)= U A.Xi= J A.Xi= □ A.Xi. 

Aex(g) asXm agXm 

Thus, := ©AgXM Mi^kKx is a direct summand of i^S^si^ ^[j] with Topg^(A^) ^ ©A6X(g) ^A = 
2lp,is- [j])) whence i^S'X'aip^x b'] - 0agXm definition, we have \Xm\ = 

[X(g):Stabx(gi(M)]. Since 

^^^i^l^j = [X(g):Stabx(g)(M)] dim, M, 

the number j is completely determined by M. 

In view of dS^, (3.5)], we have Topg(M)x = Topg^^(M/f), whence 

dimfeTopg(M) = dimj^ Topg^(M/^) = |Xi| = ord(Stabx(g)(Mi^)) = ord(Stabx(g)(M)), 

as desired. □ 



Theorem 4.3.3. Let M be a non-projective, indecomposable, relatively aK -projective ^-module. If 
g is not of finite representation type, then the following statements hold: 

(1) The component Q C rs(g) containing M is a tube of rank i, where £|ord(X(g)). 

(2) The module M is quasi-simple. 

(3) There exists j € {1, . . . ,p—l} such that 

aK,i{X) = {aK,i{M)-aij) qe{X) + Oij 1 < i < p-1 

for every X £ Q. 
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Proof. (1) Thanks to Lemma [3XH3) and 051 (3.6)], the module tc,{M)k = tqj^{Mk) is a direct 
summand of -ftTS^gij, ■ Hence Lemma [4. 3. 2 1 provides a character Aq € ^(S) such that rg^^ (Mk) = 
Mk®kK\^. In view of [45l (2.5)], we thus obtain 

rg(M) ^M(»fcfcAo• 
Hence there exists a divisor I of ord(X(g)) such that t^(M) ^ M and Tg"^(M) ^ M. As observed 

in the proof of (liX3]) . this imphes that 6 = Z[yloo]/(TO- 

(2) Suppose there exists 7 € ^(S) with /c^ G 0. In view of the above, the functor 

tAo : mod S — > mod '5 ; X ^ X^^kx^ 

is an auto-equivalence of mod S that commutes with rg. Moreover, t_Ao org sends to and fixes 
M. As t_Ao ° ''"S preserves the quasi-length of a module, it follows that i.^g o rg|e = ide, whence 

This implies Tg{k^) = kx^^-y. 

Now let u € ^(S) be an arbitrary character. Then 

rg(A;^) = Te,{k^®kku-^) = Te,{ky)®kK-'y = ky+Xo'^kK-y = k^+\o- 

As a result, rg sends simple modules to simple modules and [HI (IV.2.10)] implies that k^ is a 
Nakayama algebra. In particular, fcS is representation-finite, a contradiction. 
The arguments of (14.1.3( 2)) now show that M is quasi-simple. 

(3) By Lemma 14.3.21 there exists a unique j € 1} such that Mk is a direct summand 
of KS(Xi2ip Since Mx occurs in K^®i^ ^[j] with multiplicity 1, it follows that the multiplicities 
Ui of Mk in Ni := i^Sf^si^ [i] are given by 

In view of (2), Proposition 14. 1 . 1] implies 

p— 1 p~i 
aK,i{X) = {aK,i{M)-^^aitni>) qt{X) + ^ Oj^n^ = (ax,i(M) -ajj) q^(X) + Uij 
e=i 1=1 

for every X G and i € {1, . . . ,p— 1}. □ 

Remark. If S is an infinitesimal supersolvable group of infinite representation type, then the prin- 
cipal block So(S) is isomorphic to the algebra of measures of a trigonalizable group S' (cf. [28^ 
(2. 3), (2. 4)]). Hence the foregoing result also holds for indecomposable relatively projective mod- 
ules that belong to 20(3)- 

Corollary 4.3.4. Let li be a unipotent finite group scheme of infinite representation type, ax '■ 
^p,K — * K\i he a tt -point. Suppose that M is an indecomposable, relatively ax -projective U- 
module. Then the following statements hold: 

(1) The module Top|x(M) is simple and Mk = i^U®2ip k bl f^''" some j £ {1, . . . ,p—l}. 

(2) The component @m ^ TsCU) containing M is isomorphic to Z[^oo]/(''"), and M is quasi- 
simple. 

(3) There exists j € {1, . . . 1} such that 

axA^) = iaK,iiM)-aij) qi{X) + atj l<i<p 

for every X G Qm- 
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Proof. Since X{li) = {1}, our assertions are direct consequences of Lemma 14.3.21 Theorem I4.3.3| 
and the remark succeeding Proposition I4.1.H respectively. □ 

Remarks. (1) Corollary 14.3.41 shows in particular that, among the functions aK,i '■ © — ^ No, at 
least p—3 are additive. 

(2) According to [26, (1-3)], a unipotent group U whose algebra of measures has finite represen- 
tation type either corresponds to the group Z/(p), or it is "V-uniserial" . A classification of the 
latter groups is given in [26l (1-2)]. The algebra kll is a truncated polynomial ring k[X]/{X^ ). 

In the following examples, we shall be concerned with enveloping algebras of restricted Lie algebras. 
By definition, a restricted Lie algebra is a pair (g, [p]) consisting of a Lie algebra g and a map 
Q — > g ; X I— >• that enjoys the formal properties of an associative p-th power. We refer the 
reader to [52l Chap. II] for further details. For our present purposes, it suffices to know that, given 
a Lie algebra g with basis (xi)jg/, any map Xi i— > x^^ with adx[^' = (adxj)^ uniquely extends to a 
p-map on g. 

In view of [n\ (II, §7, no. 4)], restricted Lie algebras correspond to infinitesimal group of height 
< 1 in that 

k9 = f/o(0), 

where Uo{q) is the restricted enveloping algebra of the restricted Lie algebra g := Lie(S)- By 
definition, 

f/o(0) = C/(0)/(K-xW ; xGg)) 
is a finite-dimensional Hopf algebra quotient of the ordinary universal enveloping algebra C^(g). In 
particular, unipotent infinitesimal group schemes of height < 1 correspond to unipotent restricted 
Lie algebras, that is, to Lie algebras with a nilpotent p-map. 

Examples. (1) Let U be a unipotent group scheme such that dim 11(11) > 1. Suppose that ok '■ 
^p,K — > KU is a TT-point that factors through the center '^{K'U.) of KU. Let Q C r^CU) be 
a component that is not a^^-split. Then Q = 7j[Aoo]/ (t) , and the quasi-simple module M € 
satisfies Mk — -ftTU^gip k b1 some j G {1, . . . ,p— 1}, so that there exists r G N with aK,i{M) = 
^^^.^ dimfcfcu ^ = 5ijp'' for 1 < i < p, cf. [56, (6.7), (14.4)]. Corollary IMS thus yields 

' (p''-2)q^(X) +2 for i = j 

aK,i{X) = I q^(^) - 1 for i = j + 1 
for i / j, j + j-1 

for every X € G and 1 < i < p—l- 

(2) We consider the three-dimensional Heisenberg algebra \] = kx ® ky (B kz, with product and 
p-map given by 

[x, y] = z , [x,z]=0 = [y, z] and x'^^l = y'^' = z'^' = 0, 
respectively. The C/o(l])-™odule Mx := f^(fl)'25c/o(fca;)^ indecomposable and relatively projective 
with respect to the vr-point a^'-'^pk — ^ that sends t to x. The Cartan-Weyl identities (cf. 

m (I-1-3)]) yield 

xy"^ = y"'x + ny"-~^z V n > 0, 
so that x.{y^z™' 1) = ny^'^z™-^^ (g) 1. Consequently, for every ^ G {0, . . . ,2p — 2}, the fc-space 
■■= ®n+m=i Hy'^z"' (g) 1) is a C/o(fcx)-submodule of M. We thus obtain 

p-l 2p-2 p-1 2p-2 p-1 

4(M.) = 0a^(A4.(^)) © aliM^ie)) - 0[£+l] © 0[2p-^-l] = 02[^] © \p]. 
e=o i=p 1=0 e=p 1=1 
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Now let C r5(f)) be the component containing M^. Given X £ 0, Corollary 14.3.41 implies 

{2 for i = 1 

(3-<5p,2)q^(X) -1 fori = 2 
(2-(5i,p)q^(X) for3<f<p. 

Since z S 3(t^o(f)))) the choice ak{t) := z and := C^o(f)) ^[/^(a,.;^) A; leads to the formulae of (1) 
with r = 2. 

(3) According to Lemma 12. 2|, the vr-points uk for which a given S-module is relatively aK- 
projective all belong to one equivalence class. The following example shows that the converse does 
not hold. Let u := kx @ ky be the two-dimensional abelian restricted Lie algebra with trivial 
p-mapping. Then := f^o(u) (8';7o(fcx) ^ is an indecomposable C/o(u)-module of dimension p. Let 
Oik '■ 2tp,fc — > Uq{u) be the vr-point, given by ak{t) := x. Then M is relatively Ofc-projective and 
a*(M^) = p[l]. According to [351 (2.2)], the map 13k : %,k — > C^o(u) defined via := x + yP'^ 
is a TT-point such that fik ^ otk- Since 

{y^ ®1 for i = 
yP-^®l for =(1,0) 
else, 

we see that (3k{Mx) = (p— 2)[1] [2]. In view of (1), the module is not relatively /J^-projective, 
whenever p>2>. 



Examples. For p > 3 we consider the restricted Lie algebra g := kt (B kx (B ky, whose bracket and 
p-map are given by 

[t,x] = x , [t,y] = 2y , [x,y] = and t^^^ = t , = = y^, 

respectively. Every simple C/o(0)-™odule is annihilated by the p-ideal kx © ky and thus one- 
dimensional. Hence g is trigonalizable. 

(1) Suppose that Uk ■ ^p,k — > Uo{q) is given by ak{t) := ky. We consider the {7o(0)-™odule 

Direct computation shows that y annihilates V, so that V = Uo{Q/ky) is a {7o(0/^y)-™odule. As 
such it has p-indecomposable constituents, each having a simple top. 

(2) Suppose that ak{t) = x + y =: v and consider 

V := Uo{Q)(^Uo{kv)k. 

Consider the vr-point defined by /3fc(t) := x. Since Pki^) projective, the dimension of every 
constituent M | 1^ is a multiple of p. Lemma 14.3.21 now shows that dim^ M = p for every proper 
summand M. Using techniques from [25j one can then show that V is indecomposable. 



Corollary 4.3.5. Let Q be a trigonalizable finite group scheme of infinite representation type, M be 
a non-projective indecomposable S-module. If ax ■ ^p.K — ^ K9 is air-point such that axjiM) < 1 
for 1 < j < p—1, then M is not relatively ax-projective. 

Proof. Suppose that M is relatively ai^'-projective and let be the stable AR-component containing 
M. Theorem 14.3.31 provides j £ {1, . . . ,p—l} such that 

aK,j{X) = {aKj{M)-2) qi{X) + 2 < 2 - q£(X) 

for all X eQ. Since cuKjiX) > 0, this cannot happen. D 
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Remark. Let S = SL(2)i be the first Probenius kernel of SL(2). In Section [8] below, we shall see 
that, for every non-projective baby Verma module Z{X), the vr-points ax giving rise to elements 
of Il{SL{2)i)z(^\) all satisfy axjiM) < 1 for 1 < j < p — 1. On the other hand, one can show that 
Z{X) is relatively ai^-projective for each of these vr-points. 

4.4. Modules with cyclic vertices. For finite groups, the Mackey decomposition theorem along 
with the theory of vertices of indecomposable modules provides better control over relatively pro- 
jective modules. Let G be a finite group, M be an indecomposable G-module. Recall that a 
p-subgroup C G is called a vertex of M if M | (feG^fcD^) for some -D-module V and D is minimal 
subject to this property. All vertices of M are conjugate, and we write D = vx(M) (cf. [H (3.10)]). 

Theorem 4.4.1. Suppose that p > 3. Let G be a finite group, G nt(G) be a ir-point that 
factors through a cyclic p-subgroup C Q G. If M is a non-projective indecomposable relatively 
ax -projective G -module belonging to a block of infinite representation type, then 

(1) M is quasi-simple with component Q = Z[^oo]/(r''). 

(2) If Pl £ nt(G) is a IT -point factoring through G, then M is relatively Pl- projective. 

(3) There exist j G {1, . . . ,p— 1} and m, n € N with m > 2n such that 

{{m — 2n) qi-{X) + 2n for i = j 
n{ql{X)-l) fori=j-l,j+l 
fori^j,j + l,j-l 

for every X € and every 13l G nt(G) that factors through G . 

(4) vx(M) ^ Z/(p). 

Proof. (1) By assumption, there exists a i^C-module V such that the indecomposable KG- module 
Mk is a direct summand of 

KG®^^a*K{MK) = KG®KcV. 

As a result, the vertex vx(Mif) of Mk is contained in G and hence is cyclic. If the block of 
KG containing the indecomposable iCG-module Mk has finite representation type, then [451 (2.5)] 
implies that the block containing M enjoys the same property, a contradiction. Thanks to 
Theorem], the module Mk is quasi-simple. According to [l5l (3.8)], ^M'^kK is the almost split 
sequence terminating in Mk- Hence M also has exactly one predecessor in 0. As a result, the 
G-module M is also quasi-simple. 

(2) Let X G be arbitrary. Since G is cyclic, we have dimn(G) = 0, so that every vr-point of 
G is generic. According to [371 (4.2)], we have 

Jt{X\c,aK) = MX\c,PL), 

whence aK,i{X) = j3L,i[X) for 1 < i < p— 1. 

By (1), every relatively a^-projective module belonging to is quasi-simple. Hence Proposition 
14.1.11 provides (ni, . . . , np_i) G Nq~ \ {0} such that 

p— 1 p— 1 

aK,i{X) = {aK,iiM)-'^aijnj)q£{X) + '^aijnj 1 < i <p-l 
j=i i=i 

for every X € @. Hence this formula also holds for the functions f3L,i '■ © — No, so that i{(3L,i) < 2 
with equality holding for at least one i G {1, . . . ,p—l}. In view of (1) and Corollarv 12.51 the module 
M is relatively /^L-projective. 

(3) The subgroup G C G contains an element g of order p, and we define a{g)k ■ ^p^k — > ^G 
via a{g)k{t) := g — 1. By (2), there exists j G {1, . . . ,p — 1} such that the G-module M is a direct 
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summand of kG0kCp[j]i where we set Cp := (g). The Mackey decomposition theorem yields 

so that a{g)^{M) = m[j] © t[p\ for some m > 1. This imphes in particular, that the number j 
defined above is uniquely determined, whence ni{M,a{g)k) = ^ijn for some n E N. In view of 
Proposition 14. 1 . ll the asserted formula holds for the vr-point a{g). As noted earlier, it thus holds 
for any vr-point factoring through C. 

Finally, since a{g)'^ ^{X) > for all X € 0, we have m > 2n. 

(4) Since M is a direct summand of kGCS)kCp[j]y the vertex vx(M) is either trivial, or isomorphic 
to 7j/{p). In the former case, M is projective, a contradiction. □ 

We can endow the truncated polynomial ring 21^^^ with the structure of a Hopf algebra such that 
2lp_fc = kZ/{p). Then we have: 

Corollary 4.4.2. Let ax G nt(G) be a ir-point, which is a homomorphism K'L/{p) — > KG of 
Hopf algebras. If M is a non-projective indecomposable relatively ax -projective module with infinite 
AR-component 0, then = Z[Aoo]/(t'') and there exist j E {1, . . . ,p— 1} andm,n E N with m>2n 
such that 

{{m — 2n)q£{X)+2n for i = j 
n{qi{X)-l) fori=j-l,j + l 
forij^j,j + l,j-l 

for every X E □ 

Remark. Proposition 18.1.1) below shows that the formulae of Corollary 14.4 . 2 1 do not necessarily hold 
for infinitesimal group schemes 9 and vr-points defined by Hopf algebra homomorphisms A;Ga(i) — >■ 



5. Constantly Supported Modules 

Retaining the general assumptions of Section [21 we consider those 9-iiiodules that have constant 
Jordan type on their Il-supports. In case a 9-niodule M has full Il-support 11(9) a/ = 11(9), this 
amounts to M being of constant Jordan type. We are thus led to the following: 

Definition. A 9-module M is referred to as constantly supported if 

(a) n(9)M / n(9), and 

(b) I Jt(M)| = 2. 

By virtue of Corollary 13.2. H locally split stable Auslander-Reiten components either contain no 
constantly supported modules or they consist entirely of such modules. 

Our fundamental examples are given by direct summands of the Carlson modules L(^. Let 
{Pmdn)n>o be a minimal projective resolution of the trivial 9-module k. Then 

Homs{n^{k),k) ^U^{9,k) ■ C^[Cod„] 

is an isomorphism. If C = [C ° dn] 7^ 0, then the Carlson module 

:= kerC Q ftg{k) 
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does not depend on the choice of the representing cocycle. In view of fF, (5.9.4)], we postulate that 
the zero element corresponds to the modules Lq := Og(A:) © Qg{k). Being submodules of i7g(A;) © 
r2g(A;), and Lq are projective-free, that is, they do not have non-zero projective summands. 

Given C G H"(g,/fc) \ {0}, we note that = (0) if and only if Q'^ik) ^ k. Since 17^(/c) has 
constant Jordan type [p — 1] for n odd, we see that, for p >3, this degenerate case can only occur 
if n is even. In view of 

dimn(g) = dimVg(fc) - 1 = cxg(A;) - 1, 
it follows that ^ (0) whenever dim 11(3) > 1- 



Remark. If S is an infinitesimal group scheme and = (0) for some C € H"(9, k) \ {0}, then [28^ 
(2.1)] implies that 9 is supersolvable. In view of [281 (2.4)], all simple modules of the principal 
block So(S) ^ are one-dimensional. Owing to [28^ (2.7)], this block is a Nakayama algebra, so 
that [a (IV.2.10)] implies that dim^ nl^{k) = 1 for all m > 0. Thus, 9 affords no non-zero Carlson 
modules of even degree. 



The cohomology ring 

H*(S,A:) :=0H-(g,fc) 

m>0 

is graded commutative, so that II*(S,A;) := ©m>o -^^'"(S) ^) is a commutative subalgebra. The 
importance of Carlson modules resides in their support varieties often being hyperplanes of V(^{k): 
The variety 

Vg(Lc) = ZiC), 

is the zero locus of the homogeneous element C G H*(S, k) (see [H (5. 9.1)], [35] (4.11)]). In particular, 
-^C 7^ (^) every non-zero nilpotent element C of even degree. 
Recall that a S-module Af is referred to as endo-trivial if 

Endfc(M) ^ A;© (proj.). 

The following subsidiary result elaborates on [7,, (4.1)]. 



Lemma 5.1. Let ( G 11(9, k) \ {0} and write = Mi © • • • © Mr, with Mi indecomposable. 
(1) If C, is not nilpotent and M\L(^ is a non-zero summand, then M is constantly supported and 

jt(M) = {(^l^^^)[p], [1] © [p-1] © umIp]}. 
p 



(2) // ( is not nilpotent, then 



i=l 

is the decomposition o/n(S)i^ into its connected components. 

(3) If C is nilpotent, then has constant Jordan type Jt(L^) = {[1] © [p—1] (Bn(^[p]}. Moreover, 
is either indecomposable or a direct sum of two endo-trivial modules. 

Proof. We begin by proving a number of auxiliary statements. 

(a) // [ax] G 11(3)^^, then Jt(L^,ai^) = [1] © [p-1] © n^[p] for some G Nq. 
We consider the short exact sequence 

(0) -^L^^ n^^{k) X jfc ^ (0). 
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A TT-point Ok G nt(S) induces an exact sequence 

(0) aUiLdK) ^K® (proj.) ^-H K ^ (0). 
Since [ax] G n(9)L^, the module a|^((L^)i^) is not projective and we have / = 0. Hence 

a*K{{Li^)K) = K® n^^^{K) © (proj.), 

so that 

Jt(L^,ax) = [1] © ©n^b] 
for some n^^ E Nq. O 

(b) Let M\L(^ be a non-zero summand such that dim^ M = mod(p). Then 

JtiM^ax) = [1] © \p-l] © umM for all [ax] G n(g)Af. 

If ax G nt(S) is a vr-point with [ax] G n(S)A/ Q n(S)L<; (cf. [36l (3.3)]), then (a) implies 

a*xiMK)\i[l]e[p-l](Bn^[p]). 

Accordingly, the projective-free part X of a*j^{Mx) is a direct summand of [1] © [p — 1]. Since 
[ax] G n(S)jvf, the 2lp_i<'-module X is non-zero. Our assumption on M yields dimx X = mod(p), 
so that X = [1] © [p— 1]. Consequently, M has the asserted Jordan type with respect to ax- ^ 

(c) Let i 7^ j € {1, . . . , r} such that dim^ Mj, dimjt Mj = mod(p). Then 11(3)*/^ H n(S)A/j = 0- 
If [ax] G n(g)A,/^ nn(g)M,, then (b) yields 

a*x{{Me)x) = [l]®\p-l](Bme[p] 

for i £ which contradicts a*j^{{Mi)x) © a'^{{Mj)x) being a direct summand of a*j^{{L(^)x)- 

O 

(1) Since the element C G ^'{9,k) is not nilpotent, [36l (3.3)] implies n(g)M ^ U{9)l^ + n(g), 
so that dimfc M = mod(p). The result now follows from (b). 

(2) Arguing as in (1), we see that dim^ Mj = mod(p) for every i € {1, . . . , r}. As a result, [36l 
(3.3)] in conjunction with (c) implies 

r 

n(g)L, = Un(g)M,, 

i=\ 

while [ini (3.4)] (see also [7]) ensures the connectedness of each subspace n(g)Mi- 

(3) Since C / is nilpotent, we have Vg(L^) = Vg(A;) + {0}. Thanks to [Ml (3.4), (3.6)], 
this implies n(g)i^^ = n(g) 7^ 0. By (a), the module L(^ has constant Jordan type Jt(-L(^) = 
{[1] © [p— 1] © '^(^[p]}- Let ax be a vr-point. Each of the modules aJ^((Mj)x) is a direct summand 
of [1] © [p— 1] ffi^^i^b]) whence dim^ Mj = 1,-1,0 mod(p). 

Suppose there exists i G {l,...,r} such that dimjt Mj = I mod(p) for i G {l,p— 1}. Then 
II(S)A/i — n(g), and there exists rij G N such that aJ^((Mj)x) = \(\ © nj[p] for every vr-point 
ax G nt(g). There also exists j G {1, . . . ,r} such that a\(XMj)x = \p—P\ © ^i[p] V a/^ G nt(g). 
Consequently, all other summands of are projective, so that Lc^ being projective-free yields r = 2. 
We may now apply [10, (5.6)] to see that each summand is endo-trivial. 

Alternatively, dim^Mj = mod(p) for every % G {1, . . . ,r}. According to (c), this implies 

r 

n(g) = n(g)i, = Un(g)M., 

i=\ 

which, in view of n(g) being connected (cf. [10, (3.4)]), yields r = 1. □ 
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Remarks. (1) The above result shows in particular that, for a non-nilpotent element C € H^"(S, k), 
the indecomposable summands of occur with multiplicity one. By the same token, the S-module 
Mi®kMj is projective, whenever i ^ j (cf. [361 (3-2)]). 

(2) We shall see in Theorem 16.3. II that the second alternative in Lemma IS.lT S) does not occur. 



Theorem 5.2. Suppose that ( G H2"(g, k) is a non-nilpotent element. Let M be an indecomposable 
summand of L(^, Q C rs(S) be the component containing M. 

(1) If Q is locally split, then every N £ Q is constantly supported and 

jtiN) = {(^^^)[p],/0(iV)[i] Q /e(iV)[p_i] em^vN}- 

(2) // Tq = Aoo and B is locally split, then Af is quasi-simple. 

Proof. (1) Let ax be a vr-point with [ax] G n(S)e. Lemma [5TT] implies df{aK) = <5j,i + (5j^p_i for 
1 < i < p—1, so that the assertion follows from Theorem 13.1.11 

(2) This follows directly from (1), Lemma l5. II and Corollary 13.1. 21 □ 



Corollary 5.3. Suppose that dimn(S) > 2. For every non-nilpotent homogeneous element € 
H*(S,fc) there exists a component 0^ C rs(S) such that 

jt(M) = /e,(M)[l] e/e,(M)[p-l] enM[p]} 

for every M € 

Proof Let C G H2"(g,A;) be a non-nilpotent element. According to \36\ (3. 4), (3. 6)], we have 

dimn(g)L^ = dimVg(L^) - 1 > dimVg(/c) - 2 = dimn(g) - 1 > 1. 
Lemma |5 . 1 1 provides an indecomposable summand M^|L^ such that dimn(g)j\/^ > 1 and 

Jt(Mc) = {(^^^^^)[p], [1] e \p-l](BnM,\p]}- 

Thus, letting 0^ C rs(g) be the stable AR-component containing M^, our assertion is a consequence 
of Theorem [521 □ 

We conclude this section with an application concerning trigonalizable group schemes. 

Corollary 5.4. Suppose that p > 3. Let Q be a trigonalizable finite group scheme of infinite 
representation type, C € }i^"'{S,k) be a non-nilpotent element. Then every component Q C rs(g) 
containing an indecomposable direct summand of L(^ is locally split. 

Proof. Let X\L(^ be an indecomposable direct summand such that X G 0. If ax '■ ^p,K — ^ is 
a TT-point such that is not a^^-split, then Theorem 14.3.31 implies that = Z[Aoo]/ (t"*") for some 
m > 1. By the same token, every relatively a^-projective vertex of is quasi-simple. Given such 
a module M, there is j £ {1, . . . ,p—l} with 

aK,i{X) = {aK,i{M)-aij) q£{X) + atj l<i<p-l. 

In view of Lemma 15.11 and Corollary 14.3.51 the module X is not relatively ax-pi'ojective, so that 
qi{X) > 2. Specializing i = j, we obtain 

6,,i + Sj,p.i - 2 = qe{X){aKj{M)-2). 
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Since p > 3, the left-hand side belongs to {—2, —1}, whence c[£{X) = 2, as well as j {l,p—l}. 
Consequently, 

1 = iaK,i{M)-aij)2 + Uij for i G {l,p-l}, 
so that aij 7^ / ^p-ij- Observing j 7^ 1}, we obtain 2 = j = p—2, a contradiction. □ 

Remark. Let 9 = SL(2)i be the first Frobenius kernel of SL(2). If C G H2"(SL(2)i, fc) IS a non-zero 
element, then is not nilpotent and each indecomposable summand of belongs to a homogeneous 
tube. We shall see in Section [8] that none of these components is locally split and that each quasi- 
simple SL(2)i-module has dimension p. On the other hand, the examples succeeding Theorem 
16.1.51 show that certain Carlson modules have indecomposable summands of dimension 2p. Thus, 
Theorem 15.21 may fail for components of tree class A^o that are not locally split. 

6. Indecomposable Carlson Modules 

In view of the foregoing results, the question when a Carlson module is indecomposable arises. 
In this section, we provide indecomposability criteria for Carlson modules. Depending on properties 
of C, these are established by means of support varieties or Jordan types. 

6.1. Carlson modules of non-nilpotent elements. Here we study the case, where C G H'(9, k)\ 
{0} is a non-nilpotent homogeneous element of even degree. 

Theorem 6.1.1. Suppose that the variety Vg(/c) C A™" is equidimensional of dimension n > 
If C ^ ^'i9,k) is a non-nilpotent homogeneous element of positive degree, then is indecompos- 
able. 

Proof. In view of Lemma [5.H it suffices to show that Proj(Z'(C)) = Proj(Vg(L(^)) = n(9)Lj is 
connected. 

Let X,Y CI Z(C) be closed, conical subsets such that 

Z(C) =XUY and X (lY = {0}. 

We denote by Irr(C) the set of irreducible components of Z{(). By general theory (cf. [Ml (I. §8)]), 
every Z E Irr((^) has dimension > n — 1, and the equality 

z = (znx)u(zny) 

implies that Irr((^) = I{X) [Jl{Y), where the subsets I{X), I{Y) C Irr(^) contain those irreducible 
components lying inside X and Y, respectively. The assumption I{X),I(Y) ^ provides Z,Z' G 
Irr(C) with 

znz' = {0}. 

The affine dimension theorem |4H (1.7.1)] then implies 

= dim ZnZ'>2n-2-m>m + 3- 2- m=l, 

a contradiction. Hence we may assume that I{Y) = 0, whence Irr((^) = I{X) and X = Z{(). 
Consequently, the variety Proj(Z(C)) is connected. □ 

Remark. Let ng be the minimum of the dimensions of the irreducible components of Vg(A:). Then 
the conclusion of Theorem 16.1.11 also holds if ng > For a finite group G, the invariant uq 

coincides with the saturation rank srk(G) of G, which we consider in Section 6.4. 
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Corollary 6.1.2. Let XL be an abelian unipotent group scheme with dimVn{k) > 3. Then the Carl- 
son module associated to a homogeneous non-nilpotent element € ii'{li,k) is indecomposable. 

Proof. Let r := dim V|x(A;) be the dimension of the support variety of 11. In view of [561 (14.4)], the 
ring H.*{U,k) = Ext^|^(A;, /c) is isomorphic to the cohomology ring of an abelian p-group. Thanks 
to [U (3. 5. 5), (3. 5. 6)], the support variety Vuik) = A*" is irreducible. Since r > for r > 3, it 
follows from Theorem 16.1.11 that the module -L^ is indecomposable. □ 

Remark. The foregoing results fail for group schemes whose support varieties have dimension < 2, 
see our discussion below concerning restricted Lie algebras. 

We now turn to infinitesimal groups and their rank varieties. Let S be an infinitesimal A;-group. 
Given r € N, the authors introduce in [53] the scheme of infinitesimal 1-parameter subgroups of S 
of height < r, whose variety of /c-rational points is 

Vr{9) :=Hom(G„(,,),g). 

Here Ga(^r) •= Spec^(A:[X]/(X?''^)) is the r-th Probenius kernel of the additive group Ga. We set 
x:=X + {XP"), so that {x' ; < i < - 1} is a basis of k[X]/{XP"). If {6o, . . . , V _i} ^ ^Ga(r) 
denotes the dual basis, then, setting Ui := 6pi, we obtain a canonical set of generators {uq, . . . , Ur-i} 
of the algebra kGa(r)- We consider := k[ur^i] ^ kGa(r), the p-dimensional subalgebra generated 
by Ur-i. Given a g-module M, the authors define in [541 §6] the r-th rank variety of M via 

K(S)m := {a G ^r(S) ; Oi*{M)\Ar is not projective}. 

Suppose that 9 has height < r, that is, 3 coincides with its r-th Frobenius kernel 3^. Thanks to 
[54:\ (5. 2), (6. 8)], there exists a morphism ^ : Vr{9) — > '^s(^) which is a homeomorphism such that 

^(K(S)Af) = Vg(M) 

for every M G modS. We thus obtain the following analogue of Theorem 16 . 1 . 1 1 for rank varieties: 

Corollary 6.1.3. Let g be an infinitesimal group of height < r. Suppose that K (3) Q A™ is 
equidimensional of dimension n > -^^^^y^. If C ^ ^'{9,k) is a non-nilpotent homogeneous element of 
positive degree, then is indecomposable. 

Proof. We denote by ^ : H'(g, A;)/y(0) — > k[Vr{'5)] the comorphism of ^. Owing to [Ml (1-14)], 
the map -0 is a homomorphism of /c-algebras which multiplies degrees by Let r] € ^[H-(g)] be 
the image of the residue class C of C under tp. Then we have 

Z{r,) = ^-\Z{0) = ^-\V^{L^)) = Vr{$)L,. 

As before, it suffices to show that Proj(Z(ry)) is connected, and the arguments of the proof of (|6.1.1|) 
yield our assertion. □ 

In the special case, where our group g has height < 1, the foregoing result can be formulated in 
the language of restricted Lie algebras. Given a restricted Lie algebra (5, [p]), we let 

Vg := {x G ; = 0} 

be the nullcone of g. If M is a C/o(0)-™odule, then 

"^giM) := {x E Vg ; M\u^(^i,^) is not projective} U {0} 

is the rank variety of M, see [MlIM]- Thanks to [S31 (1-6)], we obtain: 



JORDAN TYPES 



35 



Corollary 6.1.4. Let (g, [p]) be a restricted Lie algebra. Suppose that Vg C A"* is equidimensional 
of dimension n > ^^^y^. If C ^ ^'{Uo{0),k) is a non-nilpotent homogeneous element of positive 
degree, then is indecomposable. □ 

In many cases of interest, the nullcone Vg is known to be irreducible. Let 3 := Lie(G) be the Lie 
algebra of a smooth reductive group G. lip is good for G, then [47^ (6.3.1)] ensures the irreducibility 
of Vg. Moreover, there is a formula expressing dimVg in terms of the root system of G. For the 
case where G is simple and simply connected explicit formulae may be found in [LLJ. Recall that 
the rank rk(G) of G is the dimension of any maximal torus T Q G. By way of example, we provide 
the following result: 

Theorem 6.1.5. Suppose that q := Lie(G) is the Lie algebra of a semi-simple, simply connected 
algebraic group G ^ SL(2) x SL(2) of rank rk(G) > 2, whose Coxeter number h satisfies p > h. Let 
C G H*([/o(5), A;) be a non-nilpotent homogeneous element of positive degree. Then the following 
statements hold: 

(1) The Carlson module L(^ is indecomposable. 

(2) G Z[^oo] is quasi-simple. 

Proof. In virtue of our present assumption, [47, (6.3.1)] implies that Vg is irreducible of dimension 

dimVg = dimfc g — rk(G). 

The latter number is > '^""fc 8+^ in case rk(G) > 3. For groups of rank 2, a case-by-case analysis 
yields the same conclusion, unless G is of type Ai x yli. Since Vg C g, Corollarv 16.1.41 ensures the 
indecomposability of L(^. 

Observing dim Vg = dim^ g — rk(G) > 3 rk(G) — rk(G) > 4, we obtain 

dimVg(L^) > 3. 

Thanks to [22, (2.2)], the module thus belongs to a stable AR-component of type Z[Aoo]) and 
Theorem 15.21 shows that is actually quasi-simple. □ 

Remarks. (1) If g is as in (|6.1.5p with p > h, then II*{Uo{q), k) = 'E'{Uq{q), k) is a reduced /c-algebra 
(see [2] or [32]), so that the above result actually describes all Carlson modules of the Lie algebra 
0- 

(2) The results of [TT] give rise to refinements of the above Theorem. For instance, if G = 
SL(n)(/c) and p > 3, [TT, (3.1)] implies that 

dimV5[(„) > — - — , 

unless n = 4 and p = 3. Hence Theorem 16.1.51 holds for SL(n)(A;) for p>3 and {n,p) 7^ (4,3). 

Let (g, [p]) be a restricted Lie algebra. The connection between rank varieties and support varieties 
is conveyed by the Hochschild map 

<I>:5(g*)^H'([/o(g),fc) 

between the algebra S{q*) of polynomial functions on g (whose variables are given degree 2) and 
the even cohomology ring H*{Uo{q), k), cf. [HI p. 571]. Given / G S{q*), Friedlander and Parshall 
[311 p. 560] have shown that 

Vg(L$(^))=Z(/)nVg, 

where Z{f) C g denotes the set of zeros of the polynomial function /. 
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If Q := Lie(G) is the Lie algebra of an algebraic group G, then G x acts on q* via 
{g,a).r] := ar] o Ad{g-^) V (5, a) G G x /c^ , ?7 G q* . 
Here Ad denotes the adjoint representation of G on g. The G-invariance of Vg readily yields 

Ziig,a).7j)nV, = Adig)iZi7^)nV,). 

Examples. (1) For p > 3 we consider the Lie algebra s[(2) with its standard basis {e, h, /}, so that 

^bK2) = {ah + be + cf e 5l(2) ; + be = 0} 

is a two-dimensional irreducible variety. Thus, the pair (Vg, g) violates the condition dimVg > 
dimfc 0+3 
2 

Let r] e Q* \ {0}. By the proof of [27, (2.2)], the group SL(2)(A;) x /c^ acts on s((2)* \ {0} 
with 2 orbits, whose representatives ?7i,'r/2 have kernels kh © ke and ke © kf, respectively. Thus, 
'^s[(2) (-^<i>(»7i)) = ^6 while '^si{2)i^^{ri2)) = keU kf. In view of Lemma [5.11 and the observations 
above, the 3p-dimensional Carlson modules of degree 2 are either indecomposable, or de- 

composable with two constituents (of dimensions p and 2p, respectively). Moreover, since the 
Chevalley-Eilenberg cohomology groups H*(sl(2),/c) vanish for i = 1,2, the exact sequence of |431 
p. 575] implies that the Hochschild map induces an isomorphism 5[(2)* = H^({7o(sl(2))) ^)- Hence 
all Carlson modules of degree 2 are of the form indicated above. 

(2) Let u := kx (B ky be the two-dimensional abelian restricted Lie algebra with trivial p-map. 
Let / : u — > k be the polynomial map given by f{ax + by) = ab. Then Proj(Vu(L$(j))) consists of 
two points and -Z^<i)(/) is decomposable. 



6.2. Subsidiary Results. In this subsection we collect a few results that will be applied in our in- 
vestigation of Carlson modules corresponding to homogeneous nilpotent elements of the cohomology 
ring H*(g,A:). 

Lemma 6.2.1. Suppose that € H"'(S,A;) \ {0} has positive degree. If ^ (0), then there exists 
an exact sequence 

(0) ^\-^{k) 0~"(L^) ^k^ (0). 

Proof. According to [SJ (5.9.4)] (which only holds for / (0)), the element C G H"(9,A;) = 
Extg(r2g~"'^(A;), fc) corresponds to the exact sequence 

(0) _ A; f^g'(^c) (0). 
Application of f^g " thus yields an exact sequence 

(0) nlr^'ik) ^ f^g"(L^) (BP^^k^ (0), 
with a projective S-module P. There results a commutative diagram 

ni-'^ik) P 



n-^iL^) k, 

which, by virtue of f3^, (1.5.7)], is both, a pull-back and a push-out diagram. If (/? = 0, then 

r?i-"(A:) = ker(0,V) = rig"(L^) © ker V'. 
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Since Q]r^(k) is indecomposable, we obtain keii/j = (0) or r2g"(L^) = (0). Since / (0) is not 
injective, we may rule out the latter case, whence keiip = (0) and P = k. This, however, implies 
r2g(A:) = (0), a contradiction. Consequently, if is surjective and [31 (1.5.6)] ensures the surjectivity 



of g. Hence P is a direct summand of Jig ^{k), so that P = (0). 



□ 



Recall that a S-module is endo-trivial if and only if it has constant stable Jordan type [1] or [p— 1], 
see [ini (5.6)]. 



two indecomposable endo-trivial modules. If StJt(X) 



and StJt(y) = \p-l], 



Lemma 6.2.2. Suppose that G H"(9, k) \{0} is an element that Lt^ = X (BY is the direct sum of 

[1] n even 
[p—l] n odd 

then the following statements hold: 

(1) Let M := r2g"(X) and N := r2g"(y). There exists a commutative diagram 

(0) (0) 



(0) 



(0) 



w 



w 



V 



Q]f''{k) 



M 



V 



N 



(0) 



(0) 



(0) (0) 

with exact rows and colums. 

(2) Let ax G nt(S) he a n-point. Then a*j^{ifK) is split surjective or a*j^{xpK) is split surjective. 

Proof. We shall only consider the case, where n is even. The arguments for odd n are analogous. 

(1) Since n is even, we have r2g"(L^) = M ® N , with both constituents being indecomposable 
endo-trivial modules of constant stable Jordan types [1] and [p — 1] , respectively. Lemma 16.2.11 
furnishes an exact sequence 

(0) nl-'^ik) ^ M(BN^^ k ^ (0). 
Setting V := ker/ and W := kevg, our claim is a consequence of O (L5.6)], once we know that 

If 99 = 0, then 

Oi-"(A;) = ker(0,V') = Meker^'. 

As Cl]r^{k) is indecomposable, this implies ker^' = (0), so A'' ^ fc, a contradiction. 
If -0 = 0, then 

Oj,-"(A;) = ker(v3, 0) = A ker ip. 

Hence 0|,-"(/c) ^ A and M ^ A;, so that llg"(L^) = flJ,-"(A:) A:. As a result, L^ ^ flg(A;) f7^(A;), 
which contradicts L^ C fig (A;). 
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(2) We apply to the exact sequence 
(0)^ 

and obtain an exact sequence 



(0) nl-^iK) f]g^((Lc)A') ^^^"^ K (0) 



(*) (0) ^ e Q H ([1] e [p-i]) e p ^ [1] ^ (o), 

with projective 2tp_/f-modules P, Q satisfying dinij^ P = dim^ Q. Since ^p^K is local, this implies 
P = Q. As a result, the middle term of (*) is isomorphic to the direct sum of the extreme terms, 
so that (*) is split exact. There thus exist 7 : K — > Q^(Mi^) and r/ : K — > a*j^{NK) such that 

This readily implies our claim. □ 



6.3. Carlson modules of nilpotent elements of even degree. In contrast to the results of 
Section 6.1, the structure of the Carlson modules associated to nilpotent elements of even degree 
does not depend on the internal structure of the underlying group scheme S. 

Theorem 6.3.1. Suppose that p > 3. Let G H^"(9,A;) \ {0} be nilpotent. Then is indecom- 
posable. 

Proof. Recall from Section [5] that ^ (0). Assume that is decomposable. According to Lemma 
15. H the Carlson module = X © y is the direct sum of two endo-trivial modules of constant 
stable Jordan types [1] and [p— 1], respectively. We consider the associated commutative diagram 
of Lemma [6 . 2 . 2 1 and note that the stable Jordan types of the modules M and N coincide with those 
of X and Y, respectively. 

Let ax G nt(9) be a vr-point. If a*j^{ipK) is split surjective, then 

a*K{NK) = a*K{VK)(B[l], 

whence \p—l] © (proj.) = a*j^{VK) © [1]. Since p > 3, the trivial module [1] is not a direct summand 
of ([p — 1] © (proj.)), and we have reached a contradiction. It now follows from Lemma 16.2.21 that 
(^xi^K) is split surjective. Thus, 

[l]©(proj.)-a|,(TyA)©[l], 

so that a*j^{WK) is projective. 

As a result, n(9)iy = 0^ and [Ml (5.3)] ensures that is a projective S-module. The upper row 
of our diagram thus splits and 

As the Heller shift is projective-free, we see that W = (0), whence iV ^ ^l^~2n(^^) M ^ k. 
Consequently, Og^"(L^) ^ M®N ^ A;©ilg~^"(A;), whence = 0|"(/c)©rig(A:), a contradiction. □ 



Corollary 6.3.2. Suppose that p > 3 and let C rs(S) be the stable Auslander-Reiten component 
containing an indecomposable Carlson module of the nilpotent element C, € H^"'(S, A:)\{0}. Then 
the following statements hold: 

(1) //dimn(S) > 2, then = Z[y4oo], is quasi-simple and every G has constant 
Jordan type Jt(A^) = {q^(A^)[l] ©q£(A^)[p-l] ®nN[p]}. 

(2) If S is infinitesimal, or trigonalizable and representation-infinite, then is locally split. 
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Proof. (1) According to Lemma |5.H the Carlson module has constant Jordan type Jt(L^) = 
{[1] © [p-1] ©nf[p]}. Thus, n(g)e^ = n(g), and [Ml (3.3)1 implies 6^ ^ 1[Aoo]. Our assertion 
now follows from Corollary I3.1.2[ 

(2) If is not locally split, then cxg(/c) = dimn(S) + 1 = 1. If S is infinitesimal, then a 
consecutive application of [28\ (2.1)] and \28\ (2.4)] shows that all simple S-modules belonging to 
the principal block 'Bq{S) of are one-dimensional. By virtue of \28\ (2.7)], 23o(S) is a Nakayama 
algebra, and ^ (IV. 2. 10)] now yields diuik Q'^ (k) = 1. Thus, = (0), a contradiction. 

In case S is trigonalizable and of infinite representation type, we consider a Il-point ax such 
that is not Oi^'-split. A consecutive application of Corollary 14.3.51 and Lemma 15.11 shows that 
the S-inodule is not Oi^'-projective. Theorem 14.3.31 now implies qi{L(^) > 2, and the arguments 
of Corollary 15.41 yield a contradiction. □ 



6.4. Carlson modules of odd degree. In order to address the case, where is defined by 
an element ( G H*(S,fc) of odd degree, we recall that the map ax ■ ^p,K — > -f^S induces a 
homomorphism a*^ : H*(S/^, K) — > H*{^p^K, K). The latter algebra is known: For p > 2 we have 
H*(2lp,i^,K) ^ K[X,Y]/{Y^), with deg(X)' = 2 and deg(y) = 1. 

Given a field extension K : k, we shall identify II*(S,fc) with the subalgebra II*(9, A;) (8) 1 C 
H*(g,fc)(8)fcK ^R*{3k,K). Thus, we can consider a^(C) G }i*{%,K,K) for every C e H*(g,fc) 
and ax G nt(g). 

Throughout this section, we assume that p > 3. 



Lemma 6.4.1. Let n be odd and ( G H"(g, k) \ {0}. 

[L) we nave ax) - | ^ ^^^j ^ ^ 

(2) // I Jt(L(^)[ = 2, then is indecomposable. 

(3) If Lq has constant Jordan type, then is either indecomposable or the direct sum of two 
endo-trivial modules of constant stable .Jordan type [p—1]. 



n(g) and let ax G nt(g) be a vr-point. Since n is odd, there 



Proof (1) Recall that n(g)L^ 
results an exact sequence 

(0) 

where a*j^{C) G H"'(2lp^i^, K) corresponds to /. If / = 0, then g ^ and 

aMLdK) = [p-l](Bkerg^2[p-l]®m'[p]. 
Alternatively, O (1. 5. 6), (1. 5. 7)] provides a commutative diagram 

(0) > ker7 > a*j^{{L(^)K) — ^ rn\p\ 



(0) 



ker / 



[p-1] 



K 



(0) 



(0) 



with exact rows. Consequently, 

aK{{Lc)K) = ker7©m[p] =ker/©m[p] = [p-2] ©m[p], 

as desired. 

(2) Suppose that | Jt(L^)| = 2, so that 

Jt(L^) = {2[p-l] ©mcb],[p-2] ©n^M}. 

Let M be an direct summand of L^, so that dim^ M = —1, —2, mod(p). 
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If dinifc M = mod(p), then, for any vr-point a^, P divides the dimension of the projective- free 
part X of a*j^{M). As X \ 2[p-l] or X \ \p-2], it follows that X = (0). Consequently, a*^{MK) is 
projective and, thanks to [Ml (5-3)], M is also projective, so that M = (0). 

If dimfc M = — 1 mod(p), then a*j^{MK) = b~l] ® '^mH for any ax £ Ilt(S)- Since there exists 
a vr-point with aJ^((-L^)x) = [p— 2] © J^'^b]) have reached a contradiction. 

Finally, if dim^ M = —2 mod(p), then the dimension of a direct complement A'^ of M is divisible 
by p. By the first step, N = (0), so that M = L^. As a result, is indecomposable. 

(3) Owing to [10, (3.7)], every direct summand of has constant Jordan type. Thus, if 
is decomposable, then Jt(-L^) = {2[p — 1] © "-([p]} and each indecomposable summand M 7^ 
of has dimension dim^ M = — 1 mod(p). Consequently, such a summand has Jordan type 
Jt(M) = {[p— 1] (BumIp]}, and there are exactly two such summands. By virtue of [lOl (5.6)], each 
of these summands is endo-trivial. □ 



Remarks. (1) Let n be odd and ( G H"(g,A;) \ {0}. If p = 2, then R*{%^k,K) ^ k[X], so that 
a*j^{C) = for every ax G Ilt(S). Consequently, we have 

Jt(L^) = {2[1] ©m(^[2]} 

in that case. 

(2) If n = 1, then C ^lg{k) is a submodule of the projective cover of k and hence is either 
zero or indecomposable. 

(3) Let It be an abelian unipotent group scheme, K ^ k he an extension field of k. General 
theory ^ §3.5], [441 (1.4.27)] provides an isomorphism 

R*{Uk, K) ^ S{\1\Uk, K)) ®k m\^K,K)) 

of graded-commutative i^-algebras, where S{—) and A(— ) denote the symmetric algebra and the 
exterior algebra of a space, whose elements are homogeneous of the given cohomological degree. 
Let aK G nt(li.) be a vr-point. Writing YI^{%^k,K) = KX and B^{%^k,K) = KY, we see that 
the graded homomorphism : ii*{UK, K) — > B*{%p^K, K) annihilates A-''(H^('Ui^, K)) for j > 2. 
Consequently, 

aU^^^^\V^K,K)) = a*K{S''{^\UK,K))aU^\UK,K)) 

for every n > 0. 



Examples. (1) Let U = Gj^^.-^^ be the product of three copies of the first Probenius kernel of the 

additive group. Then we have dim^ H^CU, k) = 3. Let ai : 21^^^ — > U be the vr-points given by the 
three canonical embeddings G^^i) ^ U. Recall that 

H*(lX,A:)=H*(G„(i),fc)«l 

Let Ci = C © 1 © 1 e R^{U,k) be given by C G H^(G„(i),A;) \ {0}. Then we have a*(Ci) = 5j,iC- 
Accordingly, | Jt(L(^J| = 2 and is indecomposable. 

(2) Let U be as in (1), and consider (2 £ A^(II^(U, k)) \ {0}. The foregoing remarks imply 

a*i^iC2) = V ax G nt(lt), 

so that has constant Jordan type 2[p — 1] © n^[p]. We shall see in (j6.4.4p below, that is 
indecomposable. 
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Let C G H"(S,A;) \ {0} be an element of odd degree such that is decomposable. Thanks to 
Lemma 16.4.11 

L(;^X(BY 

is the direct sum of two endo-trivial modules of constant stable Jordan type [p— 1]. We may therefore 
consider the commutative diagram of Lemma I6.2.2[ 

Lemma 6.4.2. Let € H"(9, k) \ {0} be an element of odd degree n ^ 1 such that is decom- 
posable. Set U := kev{ipog), then the following statements hold: 

(1) n(g)ynn(g)iy = 0. 

(2) There is an exact sequence (0) — > W — > U V — > (0). 

(3) There is an exact sequence (0) — > V — > U — > W — > (0). 

(4) pye wn(g)c/ = n(g)yun(g)H/. 

(5) The map ipog : r2g~"(/c) — > k corresponds to a non-split extension 

{0)^k^ QgHU) n-^{k) (0). 

Proof (1) Let £ nt(g) be a vr-point such that [ax] G U{3)v r\U{3)w ■ Note that M = Q^^iX) 
and = Og^(y) are g-modules of constant stable Jordan type [1]. By part (2) of Lemma [6.2.2} 
one of the maps a*((/?x) or aKii^K) is split surjective. By symmetry, we may assume without loss 
of generality, that the map a*j^{ipK) is split surjective. Consequently, the sequence 

(0) a*K{WK) a*K{MK) a*t,{K) (0) 

splits, so that [1] © (proj.) = [1] © a'^iWx)- Hence a*j^(WK) is projective, a contradiction. 

(2), (3) We have U = ker{Tpog) = g~^(keTTp) = g^^{V) as well as U = ker{ipof) = f^^ikerip) = 

f-Hw). 

(4) Owing to (2), the inclusion n{S)u C U{3)v U n{3)w holds. Thanks to [36l (3.2), (5.5)] and 
(1), the module V^kW is projective, so tensoring the exact sequence (2) with V and W implies 

U(^kV = {V(S)kV)®{woi.) and C/©fcVF ^ (H^^^VF) © (proj.), 

respectively. Consequently, 

n(g)s = n{9)s^,s = n(g)c/ n n(g)5 c u{s)u, 

for S = V,W . This gives the reverse inclusion Il{9)u 5 n(g)vUn(g)vi/, and our result now follows 
from (1). 

(5) By general theory, the extension associated to ipog is the lower row of the following diagram, 
whose left-hand square is a push-out: 

(0) > Jlg~"(A:) > P > ^g'^ik) > (0) 



(0) > k > E > Jlg"(A;) > (0). 

The Snake Lemma yields U = kerA as well as imA = -E. If [/ = (0), then (2) and (3) yield 
V = [Q) = W, so that Lemma [622] gives N ^ k ^ M. Consequently, L(; ^ Q'^ik) © n'^{k), a 
contradiction. Since ^l]r^(k) is indecomposable and dim^ C/ = dim^ r2g^"(A;) — 1, it now follows 
that Socg(f7) = Socg(ilg""'(A;)) = Socg(P). As a result, P is an injective hull of U, whence 
E'^n-^{U). □ 
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Let S be a finite group scheme. We say that S is linearly reductive if the algebra feS is semi-simple. 
Following Voigt [55, (1.2.37)], we let Sir^S be the unique largest linearly reductive normal subgroup 

of g. 

We consider the set MaXau(S) of maximal abelian unipotent subgroups of S, as well as its subsets 

MaXau(S)£ := {It G MaXau(S) ; cxuik) > 1} 

for every i > 1. 

If IK C 3 is a subgroup, then the canonical inclusion l : 'K ^ S induces a continuous map 
L^^'K '■ n(J{) — > n(9). Setting n(S)£ := UiiGMaxau(S)£ ''*,'u(n(^))! we define the saturation rank of 
3 via 

srk(g) := max{£ > 1 ; n(g) = U{3)i}. 
Note that srk(S) < cxg(/c). If G is a finite group, then Quillen's dimension theorem [1] implies that 
srk(G) — 1 is the minimum of the dimensions of the irreducible components of n(G). This does not 
hold for infinitesimal group schemes, as the example of the group SL(2)i shows. 
The following Lemma is a direct consequence of the proof of [W\ (6.3)]: 

Lemma 6.4.3. Suppose that n < and let 

(0) — >k — >E — ^n^^-^k) — . (0) 

be a short exact sequence of ^-modules. If ax G nt(g) factors through an abelian unipotent subgroup 
XL of complexity > 2, then the sequence al^{^®kK) splits. □ 

Theorem 6.4.4. Suppose that srk(g/gii.) > 2. If C ^ B.'^{3,k) \ {0} has odd degree, then is 
indecomposable. 

Proof. According to [23", (1.1)], the canonical map vr : kS — > k(3/9iT) induces an isomorphism vr : 
'23o(g) — > 'Bo(g/gir) between the corresponding principal blocks. Thus, vr* : modg/gir — > modg 
induces an equivalence mod'Bo(g/gir) — > mod'Bo(g). The isomorphism vr* : H*(g/gir,fc) — > 
B*{S,k) yields 

7r*(Lc)^L,.(0 y Ceil*{9/9ir,k). 

Since Carlson modules belong to the principal block, it suffices to verify our assertion under the 
assumption that srk(g) > 2. 

Assume that is decomposable, so that n > 3. Part (5) of Lemma 16.4.21 provides an exact 
sequence 

(0) ^ ^ n^\u) n^'^ik) (0). 

Let X be a point of n(g). Since srk(g) > 2, there exists a vr-point ax representing x which factors 
through an abelian unipotent subgroup U C g with cxxx(A;) > 2. Since 1 — n < —2, Lemma 16.4.31 
guarantees that the sequence 

(0) aUK) aU^^liUU) aU^^^K)) (0) 

splits. Consequently, 

n^^{a*K{UK)) e (proj.) ^ [1] e [p-l] e (proj.), 

so that ^{(y*x{U k)) 7^ (0). Hence the 2lp^i<--module a^(C/i^) is not projective, and we conclude 
that X = [ax] G n(g)[/. Thus, n(g)[/ = n(g), and Lemma[6X2l4) implies 

n(g) = n(g)y un(g)i^. 

In view of [TOl (3.4)] (see also [7j) and [361 (5-5)]), it follows that one of the modules F or is 
projective. As both of these spaces are submodules of J7q~"'(A;), we obtain V = {'S) ov W = (0). In 
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either case, Lemma (623 imphes that f^g"(Lc) = i^^ik) © k, whence ^ Og(A:) 0§(A:), which 
contradicts C r2g(/i;). □ 

Examples. (1) Let f) := /ex © /cy © A;z be the Heisenberg algebra with p-map defined by 

If S is the infinitesimal group corresponding to f), then Sir corresponds to the p-ideal kz. Hence 
srk(g/gir) = 2, while srk(g) = L 

(2) Now consider the p-map on [) that is defined via 

=z = ; zW = 0. 

Since V(, = k{x — y) © kz is an abelian unipotent p-subalgebra of complexity 2, general theory 
(cf. [24l p.68f]) implies that every p-point of Uq{\)) is equivalent to one factoring through Uoiy^). 
Accordingly, srk(f)) = 2, and every Carlson module of odd degree is indecomposable. 

Corollary 6.4.5. Suppose that C, € H'^(g, A;)\{0} has odd degree. If there exists an abelian unipotent 
subgroup li Q S such that res'!i(C) 7^ 0; then the Carlson module -L^ is indecomposable. 

Proof. Let r] £ H"(U, k) \ {0} be such that rj = res'!j;(C)- General theory (cf. ^ p. 190]) provides a 
projective U- module P such that 

L^\u = Lr,®P. 

If is decomposable, then Lemma 16.4.11 shows that = M ffi A^, with M and having constant 
stable Jordan type [p— 1]- Thus, M\ii and A^|ix are non-projective It-modules, whose projective- free 
parts are summands of L^. Consequently, is decomposable, and Theorem 16.4.41 implies that 
dimn(l() = 0. 

Thanks to [Ml (14.4)], there exist ri, . . . , r„ G N such that fell ^ fc[Ai, ... , A„]/(Af' , . . . , X^'). 
Consequently, n = dimV|x(A;) = dimn(U) + 1 = 1, so that kli is a Nakayama algebra. As noted 
earlier, the Auslander-Reiten translation tu of the local algebra kli coincides with the square of the 
Heller translate ^u- Thus, [3', (IV.2.10)] yields J7^(/c) ^ ^u{k), implying that Socu(ri^(/c)) = /c is 
simple. Hence C 0^(A;) is indecomposable, a contradiction. □ 

We finally address the case of finite groups: 

Corollary 6.4.6. Let G be a finite group. If C, £ H"(G, k) \ {0} has odd degree, then is 
indecomposable. 

Proof. In view of Theorem 16.4.41 and its proof, we may assume that srk(G) = 1. 

(*) We have cxdk) = 1. 
Thanks to [36| (4.2)], we have 

E 

where E runs through the maximal p-elementary abelian subgroups of G. Since srk(G) = 1, there 
exists a maximal p-elementary abelian subgroup Eq G such that cxEQ^k) = 1. Consequently, 

Let P C G be a Sylow p-subgroup of G containing Eq and let C{P)p := {x € C{P) ; x^ = 1} be 
the subgroup of those elements of the center G{P) of P, whose order is a divisor of p. Then C{P)p 
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is a non-trivial normal subgroup of P and, given a maximal p-elementary abelian subgroup F P, 
the group C{P)pF is p-elementary abelian, whence 

{e} C C{P)p C F. 

In particular, C{P)p = Eq, so that F = Eq. 

Now let -E be a maximal p-elementary abelian subgroup of G. Sylow's theorem provides an 
element g G G such that gEg~^ C P. By the above, we conclude that gEg~^ = Eq, whence 
rk(£') = 1. Quillen's dimension theorem (cf. [Ij) now implies cxcik) = 1, as desired. o 

Let P C G be a Sylow p-subgroup. Owing to [HI (4.2.2)], the canonical restriction map 

res : H*(G,/c) — > }l*{P,k) 

is injective, so that t] := res(C) 7^ 0. By (*), we have cxcik) = 1, and [13^ (XII. 11. 6)] shows that P 
is cyclic. The assertion now follows from Corollary 16.4.51 □ 

Remark. Suppose that 9 is a finite group scheme. Let G H"(9, k) \ {0} be an element of arbitrary 
positive degree such is quasi-simple. Then L,^ has exactly one successor in rs(S) and the 
middle term of the almost split sequence originating in is either indecomposable or it possesses 
a non-zero projective summand. In the latter case, [3, (V.5.5)] provides a principal indecomposable 
S-module P such that = Rad(P). Consequently, r2g^(L^) is simple. On the other hand, there 
is a short exact sequence 

(0) ^ A: ^ n-\L^) ^l-\k) (0), 

see [5l (5.9.4)]. Thus, the left-hand arrow is an isomorphism, so that ilg^^(A;) = (0), a contradiction. 
As a result, the almost split sequence originating in has an indecomposable middle term. 



7. Endo-trivial Modules 

Endo-trivial modules play an important role in the modular representation theory of finite groups, 
where they occur in connection with the study of sources of simple modules. The reader may consult 
|12j for the classification of endo-trivial modules over p-groups. 

Thanks to [10^ (5.6)], a S-module M is endo-trivial if and only if there exists i G {l,p— 1} 
such that M has constant stable Jordan type StJt(M) = {[i]}- Consequently, the rg-orbit of an 
indecomposable endo-trivial module consists entirely of endo-trivial modules. 

The following immediate consequence of recent work by Dave Benson |6] characterizes endo- 
trivial modules as being precisely the modules of constant Jordan type with one non-projective 
block: 

Proposition 7.1. Let 3 be a finite group scheme possessing an abelian unipotent subgroup U C 9 
of complexity cxii{k) > 2. If M G modS has constant Jordan type [i] © n[p\, then i E {l,p— 1}. In 
particular, AI is endo-trivial. 

Proof. Since every vr-point of U is also a vr-point of S, it readily follows that the K-module M\ii has 
constant Jordan type [i] © n[p]. We may therefore assume that 9 = It. As noted in [24l (1-6)], this 
implies that /c9 = Uq{u) is the restricted enveloping algebra of an abelian p-unipotent restricted 
Lie algebra u. By assumption, the nullcone 

Vu := {x G u ; x^P^ = 0} 
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is a p-subalgebra of dimension > 2, and M\y^ is a module of constant Jordan type [i] ® n[p\. 
Writing r := dimVy, we have an isomorphism C/o(Vu) = k{'L/{p)Y of A;-algebras, and [6^ (1.1)] 
yields i € {l,p— 1}. In view of [101 (5.6)], this implies that M is endo-trivial. □ 



Remarks. (1) If G is a finite group, then Quillen's dimension theorem implies that the condition of 
the Proposition is equivalent to cxcik) > 2. 

(2) The infinitesimal group SL(2)i has complexity 2, but also affords indecomposable modules 
of stable constant Jordan types [2], . . . , [p— 2] (see Section [8]). 



Theorem 7.2. Let C rs(S) be a component containing an indecomposable endo-trivial module 
Mq. //dimn(S) > 1, then the following statements hold: 

(1) A '^-module M in Q is endo-trivial if and only if fQ,{M) = 1. 

(2) If Tq, = Ai2, A'^, then every ^-module M £ Q is endo-trivial. 

(3) //dimn(g) > 2, then 9 ^ Z[A^]. 

(4) // e = Z[Aoo], then q^(Mo) = 1 and M £ Q is endo-trivial if and only if M ^ r^(Mo) for 
some n E Z. 

Proof. (1) Thanks to [10^ (5.6)], the module Mq has constant Jordan type, so that 

dimn(g)e = dimn(g) > 1. 

By the same token, there exist i € {l,p — 1} and m-o € No such that the module Mq has constant 
Jordan type 

Jt(Mo) = [i] emo[p]. 

Since dimn(g)0 > 1, Lemma 12.21 implies that the component Q is locally split. Consequently, 
Theorem 13.1.11 yields = for 1 < j ^ i <p—\ and = 1, so that 

Jt(M,aK) = fQ{M){i\®aK,p{M)\p\ y M e Q, ax £ nt(g). 

Applying [10\ (5.6)] again, we conclude that M G O is endo-trivial exactly when fQ,{M) = 1. 

(2) In this case, we have /e = 1, so that (1) yields the assertion. 

(3) In view of n(g) = n(g)e, the assertion follows directly from [MJ (3.3)]. 

(4) If = Z[Aoo], then fe{M) = qi{M) for every M £ Q. Hence the endo-trivial modules are 
the quasi-simple modules. As these form the rg-orbit of AIq, our assertion follows. □ 



Remark. Part (1) of the foregoing result implies that components of tree class D^o, Dn, Eq, 
and £"8 containing an endo-trivial module have 2, 4, 3, 2, and 1 rg-orbits of endo-trivial modules, 
respectively. 

We turn to Carlson's construction [8, (4. 5), (9. 3), (9. 4)] of endo-trivial modules, which we shall study 
from the vantage point of Il-supports and Jordan types. Let (" G H^"(g,A;) \ {0} for some n > 1. 
Given a proper summand M\L^, we write 

= M e M' 
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and consider the push-out diagram 



(7.1) 



(0) 



(0) 



(0) 



M' 



M 



(0) 



M' 



Nm 



(0) 



(0) 



(0) (0). 

The following application of Lemma 15.11 shows that decomposable Carlson modules often give rise 
to indecomposable endo-trivial modules that are not syzygies of the trivial module. 



Theorem 7.3. Suppose that Q € H*(9,A;) is a non-nilpotent homogeneous element of positive 
degree. Let M\L(^ be a proper summand. Then the following statements hold: 

(1) The ^-module Nm is endo-trivial, indecomposable, and of constant stable Jordan type [1]. 

(2) Ifp>3 and dimn(g) > 2, then Nm ^ ^^ik) for all m£Z. 

(3) If p > 'i and dimn(S) > 2, then the module Nm G Z[Aoo] is quasi-simple and does not 
belong to the stable AR-components containing k or Qg{k). 

Proof. (1) Let ax G nt(9) be a 7r-point. Application of the exact functor to Diagram 17.11 yields 

(0) (0) 



(0) > aK{ik)K) > i^e(proj.) > K > (0) 

(0) > a*K{MK) > a*K{{NM)K) > K > (0) 

(0) (0), 

where we have used (y*^{^'^^ {k) k) = ^{K) © (proj.) = K ® (proj.). Lemma [5?T] ensures that at 
least one of the Slp^i^-modules a.*^[MK) and a*j^{M'j^) is projective. If aJ^(Mx) is projective, then 
the lower row is split exact and 

a|^((iVA/)i^) = i^e(proj.). 
Alternatively, the right-hand column splits, so that 

aK({NM)K) © (proj.) ^K® (proj.). 
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We thus obtain Jt{NM,aK) = [1] ©n[p] in either case, and (5.6)] shows that is endo-trivial. 

Any indecomposable summand of Nm is either endo-trivial or projective, with exactly one sum- 
mand being endo-trivial. The right-hand column of Diagram 17.11 shows that the projective sum- 
mands of Nm are also summands of ilg"'(/c) and thus are equal to zero. Consequently, the module 
Nm is indecomposable. 

(2) Since Jt(iVM) = [1] © n\p] and p > 3, it follows that Nm ^ ^g{k) whenever m e Z is odd. 
Assume that Nm — ^'^{k) for some m G Z. As M and M' are both non-zero, we have m ^ n,0, 

and the right-hand exact column of Diagram 17.11 provides an exact sequence 

(0) — > M' — > nf{k) — > nl'^ik) (0). 

Lemma [5.11 in conjunction with [SGt, (3.2)] implies that = IL{S)m H n(9)M' = ^{5)m<^kM' , so 
that M^kM' is projective, cf. [36, (5.3)]. Tensoring the above sequence with M thus yields an 
isomorphism 

nl^'iM) © (proj.) ^ 02m(M) © (proj.). 

As M is projective-free, we obtain J^l*-" ™^(M) = M. Accordingly, the S-module M is periodic, 
and 

dimn(g)M = dimVg(M) - 1 = cxg(M) -1 = 0. 
On the other hand, the lower exact row of Diagram 17.11 now reads as 

(0) ^ M — > 0|'"(fe) ^k^ (0), 

and tensoring with M' yields 

!^^™(M') © (proj.) ^ M' © (proj.). 

Since M' has no projective summands, we conclude that M' is periodic with dimn(g)7v/' = 0. It 
follows that 

dimn(g) < dimn(g)L^ + 1 = max{dimn(g)M,dimn(g)M'} + 1 < 1, 
a contradiction. 

(3) Since N]\f is endo-trivial, we have Il{^)]\fj^j = n(g), and Theorem 17.21 ensures that N]\f G 
Z[Aoo] is quasi-simple. By the same token, the assumption that Nm belongs to the component 
containing k or ^g{k) implies that 

NM = nsOu^{k) 

for some m,n ^"L. The arguments of (2) now show that this cannot happen. □ 

Remarks. (1) Note that the module Nm belongs to the principal block So(g) of fcg. There are 
of course group schemes having endo-trivial modules that do not belong to the principal block: 
Any one-dimensional module is endo-trivial, so the simple modules of trigonalizable group schemes 
belong to this class. In view of |281 (2.4)], the algebras of measures of such groups often have more 
than one block. 

(2) Consider the abelian restricted Lie algebra u := /cx © ky with trivial p-map. If / G S{u*) 
is a homogeneous polynomial function which is not a power of an irreducible polynomial function, 
then Proj(Vu(L$(/))) = Proj(Z(/)) is not connected, so that i(i>{/) is decomposable. By Dade's 
Theorem [151 116] and [lOl (5.6)], the endo-trivial modules of Uq{u) = k{'L/{p))'^ are Heller shifts 
of the trivial module. Hence (2) of Theorem 17.31 may fail for groups g, whose H-support n(g) has 
dimension < 1. 
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8. Examples 

In their recent article [9], the authors endow the category S(S) of modules of constant Jordan 
type with an exact structure and study realizability problems via i^o(C(S))- In this section we 
explicitly compute the Jordan types of the indecomposable modules for a few group schemes of 
tame representation type and in particular classify their indecomposable modules of constant Jordan 
type. We refer the reader to [20] for the definition of tameness. For our purposes, it suffices to 
know that only representation-finite and tame algebras admit (in principle) a classification of their 
indecomposables. As noted earlier, the stable Auslander-Reiten components belonging to blocks 
of finite representation type are not locally split. Hence the next more complicated class of tame 
algebras serves as testing ground for the invariants of AR-components defined via Il-points. 

Throughout, we assume that char(fc) = p > 3. 

8.1. The groups SL(2)iTr. Consider the infinitesimal group scheme S = SL (2) i, that is, the first 
Frobenius kernel of SL(2). General theory provides an isomorphism A;SL(2)i = Uq{51{2)) between 
the algebra of measures on SL(2)i and the restricted enveloping algebra C/o(sl(2)) of the restricted 
Lie algebra 5((2), see [171 (Il5§7,no.4)]. In [l9] Premet explicitly determined the indecomposable 
f7o(s((2))-modules. We shall use the interpretation of his result within the framework of Auslander- 
Reiten theory (cf. [25l S4]). 

Recall that the algebra k SL(2)i has non-simple blocks Si, ... , Sp-i , with each Sj having 

2 

two simple modules, of dimensions i and p — i, respectively. The stable Auslander-Reiten quiver 
Ts{'Bi) is the full subquiver of rs(S), whose vertices belong to the block Sj. 

Part (2) of the following result shows in particular that the stable AR-components G C rs(SL(2)i) 
with dimn(SL(2)i)0 = are not locally split. 



Proposition 8.1.1. Let Q C r<,(SL(2)i) be a component. 

(1) //dimn(S)e = 1; then Q = Z[Ai2] and every module belonging to Q has constant Jordan 
type. Moreover, there exists sq € {1, . . . ,p— 1} such that 

, rr n . dlmt M — 50 ^ r i -> 

Jt M = {[se] e -)[p]} 

p 

for every M € 0. 

(2) // dimn(S)0 = 0, then Q = Z[Aoo]/{t) and every module belonging to Q is constantly 
supported. Moreover, there exists iq € {1, . . . , such that B C Ts{TiiQ) and 

Jt(M) = W{M)[p], [ie] © [p-ie] © (q£(M)-l)b]} 

for every M ^ Q. 

(3) An indecomposable SL{2)i-module M is endo-trivial if and only if M = r2'g(S') for n G Z 
and S simple of dimension 1 or p—1. 

Proof. By work of Drozd [18], Fischer [30] and Rudakov [51], each of the non-simple blocks of 
/cSL(2)i is Morita equivalent to the trivial extension Kr x Kr* of the path algebra Kr = k[» ^ •] 
of the Kronecker quiver. As a result, the Auslander-Reiten quiver rs('B) of each such block 23 C 
feSL(2)i has two components of type Z[Ai2], and infinitely many components of type Z[Aoo]/{t), 
see jSHl (V.3.2), (1.5.5), (1.5.6)]. 

(1) Since dimn(SL(2)i)0 = 1, the above in conjunction with [231 (3.3)] implies = Z[Ai2]. It 
follows from [57, (2.4)] that such a component contains a simple SL(2)i-module S. As S is the 
restriction of an SL(2)-module, [10, (2.5)] implies that S has constant Jordan type. 

Let {e,h,f} be the standard basis of s[(2). Recall that the simple ?7o(sK2))-modules are cyclic 
/-spaces, cf. |52, p. 208]. Hence S has constant Jordan type Jt(5) = {[dimes']}. 



JORDAN TYPES 



49 



We put sq := dirrifc S. Corollary 13.1 . 21 now yields df{aK) = Si,s{e) every vr-point of SL(2)i 
and ,p-l}. We therefore obtain Jt(M) = {[se] ( dim^ m-.q )^]| fo^. g^g^-y ^ £ 6. 

(2) By the above, we have G ^ Z[Aoo]/{t). Thanks to [25l (4.1.2)], there exist g G SL(2)(A;) and 
a € {0, . . . ,p — 2} such that the unique module M € Ad((7)*(G) of quasi-length s is the maximal 
submodule W{spj-a) of dimension of the Weyl module V{sp}<i). Recall that ^^[(2) {W{spj-a)) = ke. 

Let ax '■ ^p,K — ^ Uo{51{2))k be a vr-point. Then there exists an element x € '\^sI(2)k such that 
imax ^ ?7o(i^a;). We write x = a(e 1) + 1) + 7(/ 1) with /J^ + = 0. If 7 / 0, then 
W{sp + a)K\K[x] is projective, so that Jt{W{sp + a), uk) = {s[p]}- Alternatively, /3 = 7 = and 
a*j^{W{sp+a)K) = W{sp+a)K\Kle(i$i], whence 3t{W{sp+a),aK) = {[a+l] [p-a-l] 
Owing to [251 (4-1.2)], the component Ad{g)*{Q) contains the baby Verma module with highest 
weight a. Consequently, Ad{g)* {&) C Ts{'Bi), where i := min{a-|-l,p— a— 1}. 

Since Jt(M) = Jt(Ad(5f)*(M)) for any SL(2)i-module M, and the connected group SL(2)(A;) acts 
trivially on the blocks of /cSL(2)i, our assertion follows. 

(3) Suppose that M = Qg(5), where 5 is a simple /c SL(2)i-module of dimension s € {l,p — 1}. 
According to (1) we have Jt(5') = {[s]} and [10', (5.6)] implies that 5 is endo-trivial. Being a Heller 
shift of an endo-trivial module, the module M is also endo-trivial. 

Let M be an indecomposable endo-trivial module. Then n(SL(2)i)jv/ = n(SL(2)i) is one- 
dimensional, so that M belongs to a component Q = Z[Ai2]. In view of (1) and \10\ (5.6)], the 
simple module 5 € G has dimension 59 G {l,p — l} and thus belongs to the principal block of 
/cSL(2)i. Let T be the other simple module of the principal block. The standard AR-sequence 
involving the projective cover -P(T) of T has the form 

(0) Rad(P(r)) P{T) (Rad(P(T))/Soc(P(T))) P{T)/ Soc{P{T)) (0), 

see P (V.5.5)]. Since Rad(P(r))/ Soc(P(r)) ^ SeS (cf. [Ml Thm.3]), we conclude that S and 
r2g(T) are representatives of the two rg-orbits of G (cf. [201 (IV. 3. 8. 3)]). As A;SL(2)i is symmetric, 
it follows that {^I'ip (S) , ^'^'^^ (T) ; n € Z} is the set of vertices of G. Consequently, there exists a 
simple k SL(2)i-module S of dimension dim/; S G {l,p—l} and n £ Z with M = Q^{S). □ 



Remarks. (1) Part (1) of Proposition 18.1.11 shows that Benson's result (jT.ip may fail for group 
schemes of complexity > 2. 

(2) Since the the principal block 23o(SL(2)i) C A;SL(2)i is Morita equivalent to the trivial 
extenion of the Kronecker algebra, it follows that H"(SL(2)i, /c) = (0), whenever n is odd. Let n 
be even and ^ £ H"(SL(2)i, A;) \ {0} be nilpotent. Thanks to Theorem 16.3.11 the Carlson module 

is indecomposable of constant Jordan type Jt(L^) = {[1] [p — 1] ?t-([p]} (cf. Lemma [5.ip . 
As this contradicts Proposition 18.1. Ti l), we have retrieved the well-known fact that the algebra 
H*(SL(2)i, fc) = H'(SL(2)i,A:) is reduced. 

(3) Let G C rs(SL(2)i) be a component with zero-dimensional Il-support. If ax is a vr-point 
such that [ok] G II(SL(2)i)e, then Proposition 18.1.1] shows that i{aK,i) < 2 for 1 < i < p—1. One 
can show that the quasi-simple module of G is the only relatively a/^-projective module belonging 
to G. 

Let T C SL(2) be the standard maximal torus of diagonal matrices. Our next example, S = 
SL(2)irr (r > 2), the product of the first Frobenius kernel of SL(2) and the r-th Frobenius kernel 
of T, is closely related to the previous one. In fact, k SL(2)iTr is a Galois extension of k SL(2)i with 
Galois group Z/{p^^^). According to [29l (5.5)], the groups SL(2)iTr are precisely the semi-simple 
infinitesimal groups whose principal blocks have tame representation type. 
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By the proof of [29l (5-5)], the algebra kSL(2)iTr has non-simple blocks Si, . . . , Sp-i with 

2 

possessing p'''"^ simple modules of dimensions i and p—i, respectively. 



Corollary 8.1.2. Let Q C Ts{Slj(2)iTr) be a component. Then the following statements hold: 

(1) // dimn(SL(2)iTr)e = 1, then Q = TL\A^r-\^^r~\\, and there exists se € {1, • • • ,p— 1} such 
that 

Jt(M) = {[se] e ( ^)b]} 

/or every M € 0. 

(2) // dimn(SL(2)iT,)e = 0, then 9 ^ Z[^oo]/(t), Z[^oo]/(tP'^"'), and there exists ie € 
{1, . . . , s?/c/i i/iai G C rs(Sjg,) and 

r.dimi.M,, , r -, r 1 ,dimA.M 

Jt M = { '—M, [ie] e [p-ie] e ^ 1 b } 

p p 

for every M G 0. 

(3) An indecomposable SL{2)iTr -module M is endo-trivial if and only if M = ^sh{2)iTr^^^ 
n 1^ and S simple of dimension 1 or p—1. 

Proof. According to [29, (5.6)], the stable Auslander-Reiten quiver of each non-simple block "B C 

~ r — 1 

kSL{2)iTr has two components of type Z[^pr-i ^r-i], four components of type Z[Aoo]/(t^ ), and 
infinitely many components of type Z[^oo]/(''")- 

Let Ok '■ ^p,K — ^ K SL{2)iTr be a 7r-point. Then there exists an abelian, unipotent subgroup 
It C (SL(2)ir^')i^ such that imai^ C KU. Since the group (SL(2)ir^)x/(SL(2)i)x ^ {Tr-i)K is 
diagonalizable, we obtain U C (SL(2)i)x. Accordingly, we have 

(*) aUMx) = a*K{MK\(sU2MJ 

for every SL(2)irr-module M. 

(1) If dimn(SL(2)ir^)0 = 1 and M G G, then [251 (2.1.2)] ensures that M|sl(2)i belongs to 
a component with one-dimensional Il-support. Hence Proposition 18.1.11 in conjunction with (*) 
provides s G {1, . . . ,p—l} such that 

jt(M) = {[s]e( — )[p]}. 

p 

By the above, G = Z[Apr-i pr-i] has tree class A^, so that our assertion follows from Corollary 

(2) Assume that dimn(SL(2)iTr)e = 0. Let Mq G G. Then the restriction Mo|sl(2)i belongs to 
a homogeneous tube Z[Aoo]/{t), so that [251 (4.1.2)]. (|8.1.ip and (*) imply 

• dimfc Mo = pq^(Mo|sL(2)i)! and 

• Jt(Mo) = {q^(Mo|sL(2)i)b], W © \p-i] ® (q^(^o|sL(2)J-l)b]}, where Mo|sl(2)i belongs to 
the block 3^ C feSL(2)i. 

Since the restrictions of the simple SL(2)iTr-modules are simple (cf. [29,, (5.1)]), we conclude that 
Mo belongs to C kSL{2)iTr. Hence any M G G will yield the same data for Jt(M). 

(3) Let M be an indecomposable, endo-trivial SL(2)irr-module. Owing to [25, (2.1.2)], the 
module M|sl(2)i is indecomposable. Moreover, a two-fold application of (5.6)] in conjunction 
with (*) implies that M|sl(2)i is endo-trivial. Proposition 18.1.11 now provides n £ Z such that 
^sl(2)i (-^lsL(2)i ) is a simple SL(2)i-module of dimension 1 or p—1. Since OgL(2)iTr(-^)lsL(2)i i^ i'^" 
decomposable, it follows that ^'^l{2)iT (^)Isl(2)i — ^sL(2)i (-^lsL(2)i ) is also simple. Consequently, 
^SL(2)iT,(^) is simple. 
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If S" is a simple SL(2)iT!r-module of dimension 1 or p — 1, then 5'|gL(2)i has the same properties 
(see [291 (5-1)]), so that (1) and [10, (5.6)] imply that S is endo-trivial. Consequently, f^sL(2)iT ('^) 
is also endo-trivial. □ 



Remarks. (1) The foregoing results indicate the utility of vr-points. In either case, the components 
with one-dimensional Il-supports cannot be distinguished via their support varieties, yet their 
Jordan types nicely separate them (cf. Corollary I3.2.3p . On the other hand, Jordan types do not 
reflect the ranks of the tubes occurring in (I8.1.2p . 

(2) In each of the cases above, the indecomposable modules are either projective, constantly 
supported or of constant Jordan type. It is therefore possible to compute Jt(M) for any S-module 
M, whose indecomposable constituents are known. 



8.2. A central extension of sl{2). Our next example necessitates a simple technical preparation. 
Recall that ^p^x = K[t], where fP = 0. Given j € {!,... ,p} and I < i < [jj, the unique i- 
dimensional indecomposable module of the local subalgebra K[P] C 2lp x will also be denoted [i]. 
(Here [J denotes the floor function.) 



Lemma 8.2.1. Let i,j € {1, . . . ,p}. Then 



_ ffi if i = aj+r with < r < j < i 

~ \ otherwise. 

Proof. Let {vi, . . . ,Vi} be a basis of the cyclic 2lp^x-module [i] such that t.vi = w^+i (ui+i = 0). If 
j > i, then acts trivially on [i], whence = Alternatively, we have for 1 < i < j 



Hence [i]\K[v] = {j -r)[a] @ r[a + l]. □ 



We consider the 4-dimensional restricted Lie algebra 51(2)5 := 5((2)©/cvo, whose bracket andp-map 
are given by 

[{x,avo),{y,(3vo)] = {[x,y],0) and (x, awo)'^' = (x'^*!, V'(x)fo) 

respectively, where the p-semilinear map ip : sl{2) — > k satisfies i^^e) = = ip{f) and ip{h) = 1. 
Note that the nullcone 

"^st(2), = ("^st(2) n ker tp) X kvo = {ke © kvo) U {kf © kvo) 

is 2-dimensional and reducible. 

Since kvQ is a unipotent p-ideal of s[(2)s, the simple [/o(sl(2)s)-niodules are just the pull-backs 
of the simple C/o(s[(2))-modules. Moreover, the p-dimensional simple C/o(-5l(2)s)-inodule belongs 
to a block which is a Morita equivalent to a truncated polynomial ring k[X]/ [X^) (a Nakayama 
algebra) . 

According to [27, §7], each stable AR-component C rs(5((2)s) with 2-dimensional support is 
isomorphic to Z[ylJ^], so that /e = 1 (cf. (j3.1.2p ). We shall consider two types of these components. 
One type contains a simple module, the others are given by certain induced modules. 
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Recall that {e, h, /} is the standard basis of 5l(2). Let \ : kh®ke® kvQ — > k he a linear form 
such that X{h) G {0, . . . ,p — 2} and A(e) = = X{vo). Observing that := kh (B ke (B kvQ is a 
p-subalgebra of 5((2)s, we consider the "Verma module" 

Z{X) :=C/o(sl(2)s)®i7o(b.)^A. 

Owing to [271 (7-3)], we have ke © kvo C Vg[(^2)si^W)y while general results on induced modules 
(see for instance [37 1 (4.12)]) guarantee the reverse inclusion. Thus, Z(\) is not of constant Jordan 
type and belongs to a component 0(;^) = 

Proposition 8.2.2. The following statements hold: 

(1) Let Qs ^ (51(2)5) be the component containing the simple module S. Ifn := dim^ S < p—1, 
then Os = and 

, r -, r 1 ,dimi.. M — n,, , 

Jt(M) = {(j-r)[a] ©r a + 1 © ( )[p] ; n = aj + r, < r < j < n} 

p 

for every M € ©5. In particular, \ Jt(M)| = n for every M G Qs- 

(2) Let Q(^x) ^ rs(s[(2)s) be the component containing Z(\). Then Q^^x) — ^[^^] '^f^d setting 
i := min{A(/i) + l,p— A(/i) — 1} we have 

StJt(M) = {{j-r)[a] © r[a+l] ; p = aj + r, I < r < j < p} 

U {i[l] ffi {j—r)[a] ffi r[a + l] ; p — i = aj + r, 0<r<j,i<j< p — i} 
U {ij-r')[b] ©r'[6+l] © ij-r)[a] ©r[a + l] ; i = bj + r', p-i = aj+r, 
< r,r' < j < i} 

for every M G ©(a)- 

(3) Every M G O^ U 0n,((2) (fc) *s endo-trivial. 

Proof. (1) The central, nilpotent element vq G Uo{5l{2)s) acts trivially on every simple Uo{si{2)s)- 
module S. Let '■ ^p,K — ^ Uq{51{2)s)k be a vr-point. Then there exists ap-unipotent subalgebra 
u C {sI{2)s)k with imax C Uq{u). Hence we can find x £ sI{2)k with x^^^ £ K{vo0l) and 
u C /sTx ffi Kx^\ If x^^ / 0, then the condition axitY = entails imaR ^ {vq®1)Uq{51{2)s)k-, so 
that Jt(5, ax) = ^[1]. Alternatively, x G Vg[(2), andu C K{f^l)®K{v(0l) oru C K{f®l)®K{v(0). 

Both cases being similar, we write aKif) = X^f J=oT*j(^® ^)*(^o'Xil)-' (70,0 = 0) iiote that 

aK{t)w = (X]f=i 7j,o(e<8)l)*).tf^ \/ w £ Sk- Since S'lxfeiX)!] = N) Lemma [8.2. II in conjunction with 
(2.2)] gives 

Jt(5) = {{j-r)[a] © r[a + l] ; 1 < j < n, n = aj+r, < r < 

As 05 = Z[^J^], Corollarv 13.1.21 vields the first assertion. Moreover, each Jordan type of 5 is 
uniquely determined by j G {1, . . . , n}, whence | Jt(5)| = n. Thanks to Corollary 13.2. 11 this implies 
I Jt(M)| = n for every M G @s- 

(2) Let Ok '■ ^p,K — > Uo{sI{2)s)k be a 7r-point, u C (51{2)s)k be a p-unipotent subal- 
gebra through which ax factors. Since vq acts trivially on Z{X), the arguments of part (1) 
imply Jt(Z(A), ax) = p[l] whenever u'^' 7^ (0). By the same token, the remaining cases are 
u C K(e©l) ffi K{vo(g)l) and u C K(/0l) ffi K{vo(g)l). 

Since Z{X)\x[f^i] = [p], Lemma [8.2.11 implies 

Jt(Z(A),aA') G {(j-r)[a] ffir[a + l] ; p = aj + r, < r < j < 

in the latter case. 
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In view of ■Z^(A)|/^[eg,i] = [i] © \p — i] and i < p—i, the assumption imax Q K{e0l) © K{vq'^1) 
in conjunction with Lemma 18.2.11 gives 

Jt(Z(A), ax) G © {j-r)[a] © r[a + l] ; p-i = aj+r, 0<r<j,i<j< p-i} 

U {{j-r')[b] ©r'[6+l] © ij-r)[a] ©r[a + l] ; i = bj + r', p-i = aj+r, 
< r,r' < j < i}. 

Owing to [35', (2.2)], ah types in the given sets actually occur, so that we have in fact determined 
Jt(Z(A)). Since G(a) = Corollary [3X2] gives the result. 

(3) Since the trivial module k and its Heller shift ^si{2)si^) endo-trivial, the assertion is a 

direct consequence of Theorem 17. 2f 2). □ 

Remarks. (1) In (jS.l.ip and (|8.1.2p . the indecomposable periodic modules are constantly supported. 
This is in general not the case. Consider the group scheme Ga[2) with algebra of measures kGa{2) = 
k[uQ,ui], where A;Ga(i) = k[uo]. Then M := kGa(^2)'^k[uo]f^ indecomposable and periodic. We 
consider the vr-points ak, (3k ■ 2tp — > kGa(2)j given by ak{t) = uq and Pkit) = uo + u\. Then [35| 
(2.2)] implies at ^ Pk, while Lemma 18.2.11 yields 

Jt{M,ak)=p[l] and Jt(M, /3fe) = [^] © [^], 

so that {[p],p[l], [2^] © [£±i]} C Jt(M). 

Also, since k[uQ] = kGa(^i^ ^ A;Gq(2)) the module M\q^^_^^ has constant Jordan type. Thus, S- 
modules M, whose restrictions to a subgroup !K C g are of constant Jordan type with 11(3) a/ = 
n(J{) are not necessarily constantly supported. 

(2) Note that the modules belonging to the components Qs are usually not annihilated by vq. In 
fact, direct computation shows that f^5[(2)s('^) *° annihilated by vq. Thus, our method 

of computing Jt(S) does not carry over to all modules of G5. 
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